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Abstract

For many decisions validation of their outcomes is invariably problematic to objectively
assess. Therefore to aid analysis ealitiation of decision outcomes, approaciwsch
provideimproved traceability and more semantically meaningfeasurements of the
decision process are required. Henkis, tesearch investigates traceability, transparency,
interactivity and auditabilityo improve the decision making procesgproaches and
evaluation measurese proposed to facilitate a richer decision making experience.

Multi-Criteria Decision Analyis (MCDA) seels to determine the suitability of
alternatives of a goal with resgieto multiple criteria.A key component of prominent
MCDA methods is the concept of pairwise compariser.a set of elements, pairwise
comparison enab$ean accuratand transparergxtractionand codificatiorof a decision
maker 6s pr ef ertatingcaseparationlofcangems. Frantai sét bf pairwise
comparisonsa ranking of the elements under consideration can be calculated.

There are scenarios when a set of pairwise comparisons undergo altectthdioy
individual and multiple decision maleA set of measures of compromise are proposed
to quantify the alteration that a set of pairwise comparisons undergo in such scenarios.
The measures seek to provide a decision maker with meaningful knowledge ggardin
how their views have altered.

A setof pairwise comparisons may beonsistent\WWhen inconsistency is present it
adversely affects a ranking of the elements derived from the compardoreover
inconsistency within pairwise comparisons used for consideration of more than a handful
of elements is almost inevitahleExisting g@proaches thaseekto alter a set of
comparisons to redecinconsistency lacktraceability, flexibility and specific
consideration of alteration to the judgments in a way that is meaningfuti¢égision
maker An appoach to inconsistency reduction is proposed that seekddiesghese
issues.

For many decisions the opinions of multiple decision mea&es utilized, either to
avail of their combined expertise or to incorporate conflicting views. Aggregation of
multip | e deci si on compdnienrsaekio cpnabine theivisves of the group
into a single representation of views. An approach to group aggregation of pairwise
comparisons is proposed that models compromise betweerdecision makers,
facilitates degion maker constraints, considers inconsistemeguction during
aggregation and dynamically incorporatiesision maker weights of importance.

With internetaccess becoming widespread being able to garner the views of a large
group of de ceiwshasthacomedelsible.sAB appraach to the aggregation of
a | arge group of deci sion makersdo prefe
understanding regarding both the agreement and conflict within the gharipg
calculation of an overafiroupconsensus

A Multi-Objective Optimisation Decision SoftwarMIQODS) prototypetool has
been developed that implemebtsththenewmeasures of compromise and the proposed
approaches to inconsisten®ductionand group aggregation.
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Chapter 1 Introduction

This chapter provides an introduction to the research presented in this thesis. After a
discussion of the motivations and aims of the research, the contributions of the thesis are

outlined. Finally an overview of the structure of the thesis is presented.

1.1  Motivation

For many decisions validation of their outcomes regarding their correctness and their
acceptance is invariably problematic to objectively assEs$is. research investigates
traceability transparency interactivity and auditability within decision making
procedures to seek a richer decision making experiemewill discuss later what we
mean by these term#s Decision MakersidM)s we are subject to fragilities such as,
biases, inconsistencies and irrationalitjgéf, and are often confronted with decisions
where multiple minds are tasked to work together to reachgwliféering opinionsmay

exist, a compromise consensus. The work investigates how we can identify and tackle the
impacts of these fragilities in a mongeractiveand traceableway, and how we can
enhance the transparency of group decisions to more clearly reveal cosgramni
facilitate a mordraceableand auditable approach ittteractively reacltonsensus.

A Decision Support SystenDES), can be defined aSa system that couples the
intellectual resources of an individual with the capabilities of the computer tcaixtiyn
i mprove the qu3.IThetewre \afiousdvays a DSE camentiance decision
making, such as providing structure to overcome short term memory limitf2ioasd
performing complex numerical calculatisto a high degree of accuracy.

Multi-Criteria Decision Analysis (MCDA) seskio determine the suitability of
alternatives of a goal with respect to multiple criteria. Various MCDA methods have been
proposed to deter mi ne Kemativesand to debivie variduy o f
granularitesof decisionoutcomes

A key component of prominent MCDA methods is the concept of pairwise
comparison (PC). PC enables trezompositiorof a larger decision problem into more
manageable smaller chunks, faaiing a separation of concerns teatibles an accurate
extraction of a DMO6s preferences. For a

judgment can be made for each pair of elements and from this set of comparison
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judgments a ondimensional ranking ofhe elements, a Preference Vector, can be
derived. A preference vector is derived through the use of a Prioritization Method and
manymethodshave been proposed for this task.

The unification of the smaller chunks of each PC judgment may result in
inconsstency being present in the set of judgments as a whole. When inconsistency is
present in a set of judgments any preference vector derived will only be an estimate of
the judgmentso6é6 information. Consequently
different preference vector estimates. Moreover inconsistency within PC used for
consideration of more than a handful of elements is almost inevi{dbleAs
inconsistency within a set of DM judgments can adversely affect the accuracy of
resulting preference vector consideration of its reduction is important. Current approaches
to reducing inconsistency within a set of PCs offer litdeeability, flexibilityor specific
consideration of alteration to the judgments in a way that is semantically meaningful to a
DM.

For many realvorld decisions the opini@of multiple DMs isutilised, either to avall
of their combined expertise or to incorporate conflictingws and experienceand
therefore group aggregation is an important considergfahermorewith ubiquitous
access to the interngt a multitude of devices becoming widespread being able to garner
and aggregatéhe views of a large group & Ms 6 svhasebecome feasibl&roup
aggregation of PCs seek to aggregate the views of multiple DMs to reach a single
consensus preference vect@urrent approaches for PC aggregation lack facilities
modelin semantically meaningful wayee compromis¢éhateach DM views undergo
during aggregation,incorporate DM constraints, considénconsistency during

aggregation and dynanailty incorporateDM6 weights of importance.

1.2  Aims and Objectives

As validation of decisionsoutcomes is invariably problematic to jettively assess
approaches with improved traceability and more semantically meaningful measurements
would aid a DM through providing more evidence of the decision proddss.
traceabilityof a decisionprocessis the extent to which a trail afocumentaon and
measurementare revealed during the decision from its inputs to its outcomes. Such a
trail can reveal to a DM and others, quantitative measures;dfésland choices during

the decision to reach the outcomes, aidingth transparencyand auditaility.
Transparency is the extent to which the pssoé decisionmakingto reach an outcome

is exposed and can be observed for scrutiny, explanation and understartng
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auditabilityof a decisiomprocesss the extent to whicht can benspectecandexamined

for evaluation and verification purposdsaceabilitytrails additionally make it easier to
perform sensitivity analysis to investidcg
processes might affect the outcomes, helping facilitate mtwractivedecision making.

Such traceability and sensitively analysis balpdecision outcomes beore objectively
assessdandcani ncr eas e a DMiesutcames ept ance

The traceabilityof a decision processan be enhancedrtiugh looking to reveal
measurements that are semantically meaningfioht is, measurements th@tOM can
more easily comprehend and relatehat will enhance the knowledge and understanding
they can glean from the decision. More meaningful measaresdditionally faciliate
greater DM interactivity and sensitively analysis during a decision, further helping
validation and acceptance of decision outcomes.

This work seeks to propose more traceable, transpamshtawaditable approaches
which utilise more semantically meamgful measuresthus facilitating richer decision
making through approaches that bethmore systematic and dynamic.

We seek firstlyto facilitate richer decision makinigy proposing reasurego reveal
semantically meaningfuknowledge to a DM. This waya DM can more easily
comprehend outcomes and the stages to reach Semantically meaningful measures
can additionally enable greater interaction from a DM both when defining inputs and
parameters, and faxploration tasks supporting a DM towards outeem

We seek to additionally facilitate richer decision making through proposing
approachesvhich enhanceraceability, flexibility and auditability. We proposédlexible
approach to the reductiaf inconsistency within a set of PCs that seeks to reweal t
tradeoffs involved when seeking inconsistency reduction. Additionaltypropose an
approach to the aggregationtoé PCsoh gr oup of DMs 6 t hat see
of compromise each DM undergoes to reach consensus. The appmdsehgroupn
interactivelyand traceably reaching a consensus so as to aid transpareacylaablility
of the process to reach @nsensus. Furthermore we propose an approach to the
aggregation of the PCs of a | ar gemilgityoup o
and conflict within the group during the pursuit of a group consensus.

As a demonstration and preof-concept of these proposed approaches
inconsistency reduction and group aggregatierhave developedvaeb-basedecision

support tool, witin a design that seeks to foster the interégtiof the approaches.
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1.3 Contributions

1.3.1 Measures of Compromise

A DM6s judgments wild/| u n d suchgas whanl ldoking got i o n
reduce the amount of inconsistency within their judgments, or \doding to reach a

group aggregation between multiple DMs. A rangmefricsare defined to measure the
amount of alteration a DMOs | utMgasueesdfs un
Compromiseseek to give a DMsemantically meaningfldinowledgeof the amount of
alteration their judgments have undergone. Meaningful meashmddaid a DMto

more easily comprehenand calibratehe amount of alteration their judgments have
undergoneand enhancehe traceability and validity of such scenarios. Additially
measureghat are moreneaningfutto a DM shouldenableeasielinteracton within such

scenarios tpfor exampleset constraintso define thresholds of alteration.

1.3.2 Approach to inconsistencyreduction

Inconsistency within a set of judgments can asislg affect the accuracy of a resulting
preference vectphenceconsideration of its reduction is importaBkistingapproaches

to reduction of inconsistency within a set of judgments are restrintieems ofthe type

of inconsistency reduction souggs well as offering littleraceability Therefore a new
approach to the reduction of inconsistency within a set of judgments is proposed that
offers a mordraceablgrocess to inconsistency reduction. In the approach inconsistency
and alteratontoaMdés judgments are modeThdtgpedofas s
inconsistency reduction sougis f | exi bl e t o a TheMiteasureg ofe f er
compromi se are used to model al teration
the nature of the tradaffs involved between reducing inconsistency and alteration to
their views. To aid a DMo discern the alteration to their judgments the approach seeks
solutions that maintain the original judgment representation scheme embpjoyedDM

to input their judgmets helping traceability through the procelse approach facilitates

setting ofconstraints upon the objectivies a DM to define thresholds of inconsistency

andof alteration

1.3.3 Approach to group aggregation

Within group decision making the aggregatiminthe opinions of multipldODMs is an

important consideration. The modelling of conflict between objectivaslised within

a proposed approatht he aggregation of a dgapprogch of L

the alteration t o e&asadepaidteldbgectivel Thevapproach loakso d €
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to create a richer process to group aggregation through the use of the measures of
compromisetoneasur@a | t er ati on to each DMG6s judgmen
and validity of the aggregation prosess the amount of alteration each DM undergoes to
reach aggregation is revealed through meaningful meastinesapproach facilitates
additionalanalysisof global and fairedevelsof compromisewithin the grougto further

aid thegroup towards reachirggconsensugurthermorehe approach enables constraints

to be set by DMs regarding the amount of compromise they are willing to undergo in the
pursuit of reaching a consensidoreoverthe approach allows for DM weights of
importance to be incorporatedynamically into the process. The approach can

additionallyseek to reduce inconsistency during the aggregation process.

1.3.4 Approach to large group aggregation

Theproposed approach foraggreggta gr oup of DMs 6 visieeds i s
groups of lessthan half a dozen DMsSc al i ng i ssues regardi
performance are identifiethrough investigatinghe use ofthe approachfor group
aggregatiorof increasingly larger groups of DMs,. Consequently ways to address such
issues are explored aad approaclkor aggregation of &arge group of DMs is proposed.

The approach facilitates a traceablegadure from th®Ms fudgmens to a final group
aggregation. fie approacHirst utilises clustering to group the DMs into sgboups

based upon the sitarity, or agreeability,of their views.The approachadditionally
enablesensitivelyanalysis tdoe performed taid the selection of an appropriate number

of subgroups.Next a single representation of the views of eachgsobps membes is
derived. As the approaclseeksto group similar DMs togethercreating a single
representation of eagdubgroup facilitates reduction in the complexity of the problem

by looking to identify the redundancy within théeews of theDMs. Through the use of

the measure of compromise to calculate the single representations the amount of
similarly within eachsubgroupis revealed. The approach then seeks to reach group

aggregation with eackubgroupmodelled as a separate objective.

1.3.5 MOODS decision support tool
Derived from supporting the proposedpproachesa Multi-Objective Optimisation
Decision Software (MOODS) tool has been develogiet can be employed within
multiple scenariasMOODS is an interactive webased tool that runs in all major
browsers utilizing natie HTML code with no plugins or downloads required.

MOODS can be utilised by a single DM looking to reduce and understand their

inconsistency implementing tipgoposedapproach to inconsistency reductidhOODS
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can additionally beutilised within group deision makingvia the proposedapproach to
group aggregatiorfFurthermore MOODS can heilised for the aggregationf a large
group of DMs andmplements theroposedapproach to the aggregation of a large
number of DMs.T h e teaterdblé slesignfacilitatesadditional development and

future work tobe easilyimplemented intats framework.

1.3.6 Publications

Publicationspublishedduring the work include:

E. Abel, L. Mi khail ov, and J. Keane, fARe
Using Multi-objed¢ i ve Evol utionary Computing, 0 | EE
pp. 80 85, 2013.

E. Abel , L. Mi khail ov, and J. Keane, inGr
multcobj ecti ve optimizati on, i®75 Nof.20155ci . ( Ny
E.Abel , L. Mi khail ov, and J . Keane, ncCl u

similarity of views, 0 in 2014 | EEE Sympo
Criteria DecisioAMaking (MCDM), 2014, pp. 4M7.

1.4  Structure

The structure of the chapters withhis thesis are shown Figurel.1. This chapter has
motivaied the work and itemized theontributions. In Chapter 2 decision making
procedures and methodologies anatlined followed by discussionsof the paiwise
comparison technique. Issues of inconsistency and group decision making are then
considered

Chapter 3 proposes measures of compromise that carsdmkin semantically
meaningful waysto calibrate and assess the amoursltdration of a set of viesvand
alteration between multiple sets of views.

In Chapter 4 the measures of comprong{isem Chapter 3) are uséd propose @&
approach to reduction of i nconsi stency w
looks to reduce inconsistency for the misirh a mount of alterati on

Chapter 5 proposesn@a ppr oach to the aggregation o
approach uses the measures of comproffrize Chapter 3)o seek aggregation between

a group of DMsthat minimises the amount of altert i on t o each DMOS
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approach revesalhe tradeoffs involved and facilitates interactive analysis between the
DMs to helptowards reaching a group aggregation.
The approachto aggregatiga g r ou p o f (fran\Céapter\b)s aimesl at
modestsized groups and when applied to largeups of DMscan suffeiscaling issues
as identified in Chapter 6. Following this the chapter proposes an approach to the
aggregation of a large group of DMs. The apprasstkdo cluster DMs into suigroups
basel upon the similarityf their viewsin orderto reduce the complexity of the problem.
Chapter 7 presents the MOODS decision support tool. The tool implements the
proposed measures of compromise presented in Chapter 3, and the proposed approaches
to redu@ng inconsistency and group aggregafwasented in Chapters6
Finally, in Chapter 8conclusions of the research are presented along with avenues

for future investigations.

1. Introduction

h 4

2. Background

r

3. Compromise

Measures
4. Reducing 5. Group 6. Large Group
Inconsistency | Aggregation | Aggregation
7. MOODS Tool

r

8. Conclusions
and Future Work

Figurel.1: Overview of hesis chapters
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Chapter 2 Background

This chapteiintroduces MultiCriteria DecisionAnalysis MCDA), the significance of
pairwise comparison within decision making, discussions of inconsistency and group
decision making. It provide background to the technicatligments dealt with in the
thesis identifying limitations to investigate.

Firstan overview of MCDAs presented along with discussions of promilnd@DA
methods. Next the problem of eliciting preferenaesng pairwise comparisors
discusse@nd an overiew of procedures for deriving a ranking of elements fenset of
pairwise comparisns are presentedrhis is followed by an examination of issues
surrounding inconsisticy within pairwise comparisoifhe problem of aggregation of
multipleDMsbd v i amwpairwitercomparisoris thenconsidered.

2.1 Multi -Criteria Decision Analysis

In this sectiorafter a brief discussion contextualisifCDA within thewider landscape
of decision problemaMCDA problem elementstagesand outcomes are discussed. An
overviewof prominent MCDA methodss then presented.

2.1.1 Decision Problem Dimensions
This work investigates single and group decision making within the field of MCIA
contextualise MCDAwithin the widerlandscapef decision problems we can consider

decision prol#ms wit respect to the 3 dimensior@&iteria, DMs andUncertainty[5].

1. Criteria: doesthe problemunder considerationinvolve a single criterion 1) or
multiple criteria (N)? (see Seain2.1.2

2. DMs: is there a single DM1] or are multiple DMgM) involved?

3. Uncertainty: is the decision being considerexplicitly incorporating uncertainty or

not?

Various combinations of these dimensions $gadsariousDecision Making approaches

[5]; these ombinations antheir commonly associatethmesare shown immable2.1.
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A problem with a single DM, a sirgtriterionand no uncertaintyanbe considered
a 1D (onedimensional) Optimisatioproblem. For example single DMlooking only
to find the cheapesbst of a product

A problem with many DMs considering a singlgterion with no uncertainty, is
gererally termedSocial Choice For exampleduring electiorvoting a large number of
voters are giving their judgment upon whecetect.

A problem with a single DMconsidering multiple criteria, isermed a MCDA
problem.For examplea single DMbuying a nev car consideringurchase costs, interior
style and safety features as criteria

A problem with multiple DMs considering multiple criteisstermeda GroupMCDA
problem.For example, a group of managers all considering the choice of a product

supplier casidering, cost, reputation and delivery time as criteria.

Table2.1: Decision poblem dimensions

c e >
S| 8 <DE S S| 8| &>
a o c S | @8 | TE
%) < O Q o) c .t >
g5 5|2/2858 582
=]l 3|0 o | 65| ®> <DE | o
o) 'S = 2 | o= |0y 2|
o hut QO Q o ) O S
Q| n O | 02| NE| =
— (@] S =}
DMs | 1 M 1 M 1 M 1 M
Criteria | 1 1 N 1 1 N N
Uncertainty | No | No | No | No | Yes | Yes | Yes | Yes

There are alseombinationsthat consider uncertainlyvithin the decision process.
Decision making under uncertaintgcurs whepfor example a single DM look to find
the cheapest loft conversion considering the uncertainty of estimations of the cost of loft
conversion quote Whenmany DMs are considering a single criterioxar uncertainty
we term thisSocial choice under undainty. When a single DM is considering multiple
criteria and considering uncertainty we term MiSDA under uncertainty.

In Reality some conjecture thatirtually all decisions are in some way the most
complex combination of these dimensioflg i that is they aregroup decisions
considering multiple uncertain criteri&cor example when looking simply for the
cheapest canmyve subconsciously consider other criteria, we subconscioustrporaé

opinions from friends, mechanics and the media into our decision, and uncertainly is
26



attached to our cosiluationswith respecto the wider world and economy. Howeyer

in modelling decision problemsve look to model the complexities of the nebas a
simplification of reality such that the model is usef@]. A perfect prediction of

t o mo r wenthdr that will take a week to calculate has little use. Therefore for a
decision problem wehave to consider the traadf between model accuracy and
complexity. Regarding these dimensions this work explores MCDA and Group MCDA
problems

2.1.2 Common MCDA problem elements stages and outcomes
We can define a general MCDA problemsii Se e ki n g nd tbe suditabilitg of mi

alternatives of a goal with respect to ciI

These are a shared set of elements and notdfiprcommon to most MCDA

methodologies:

1. Asingle or multiple setf objectives which are considered tBeal of the decisioriO

2. Asetoféa alternativesthat represent the set of possible outcomes to the defined goal
0 80 . As well as actionable outcome® action may constitute an alternative

outcome[8].

3. A set of¢ criteria for which thealternatives to thgoal areto be evaluated with

respect t@ 8 O . Criteria may be termeokenefitcriteria orcostcriteria: for benefit
criteria the highertheir valuethe betterfor cost criteriathe lower theirvalue the
better. Additionally, lhe importance of each criterion with respect to the gaial

undoubtedly be different and numerigalteria weightscan be used to define the

significance of each criteria.
Therearea set of stages commao many MCDA methodologief/]. The stagesre
presented in a chronological order although in reality the decision mpiocgss is a

dynamic procedure andzSSshould incorporate flexibility accordingly.

1. Problem Formulation: this stage involves theonceptualisatioandformulation of

the overdlgoal of the decision problem well #ee criteria and alternates.
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2. Data Elicitation: this stage involves eliciting from the DM (or group of DMs) their
qualitative opinionsas well aollating anyquantitative datarelating to the various
elements of the decision.

3. Data Evaluation: the data evaluation stage may involve cosier of some of the
data to common scales or evaluating the data for the presence of an@ndlies

contradictions.

4. Data Aggregation:with thedata elicited and evaluated it can theraggregatedn
group decision maRkg extra considerationsnclude how differing weighting of
importance of DMs willbe handled.

5. Outcomes: from the aggregationd e pendi ng u pneeds outcoree oD M6 s

various granularities can be derived.

6. Evaluation of results: the final stage of the process is to determine what course of
action is to be taken based upsraluation ofthe findings of the decisioprocess

This stage can also involamalysisprocesses such as sensitivity analysis.

From theoutcomes stagejariousgranularitiesof outcomes of the alternatives can be
attaired. What outcome is required needs to be considered, in the context of the problem
and the DMs. Roy9] defined fourdecisionproblem formulations within the MCDA

contex:

1. Description decisiors: describea decisiod s e | andrelationshipsto extract

and present to a DM descriptive information about the decision.

2. Choice decisions concern only selecting a single alternativem the group of

alternatives.

3. Sorting decisions (sometimes also referred to as classification decijidosk to
sort and categorise thgroup of alternatives into stdroups. This may be into
unordered sWgroups, such as sorting a group of country economies into agricultural,
industrialor maritime, or into preference ordered syioups such as sorting a group

of country economies into strong, fair and weak.
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4. Ranking decisions (sometimes referred to as ordering decisipluok to derive a
ranking either full or partialcd  d e c dtsrmatvesd #ill ranking may be ordinal

or cardinal:

a. Partial Ranking: looksto discernsomepreferenceankingbetween alternatives
with respect to other alternative&some conclusions may be drawn on preference
between alternatives but there will albe alternatives for which preference

between is indeterminate.

b. Full Ordinal Ranking : looks to derive a ranking of the alternatives from best to
worst without consideration of the extent of differential between each place in the

ranking.

c. Full Cardinal Ranking: looks to derive a ranking of the alternatives from best to

worstwith the amount of differentidetween each ranking position calculated.

There are two additiongroblemtypes commonly proposed withihe literature An
Elimination Problem [10] is abinaryvariant ofa sorting problenwith only two classes
defined (accepted andliminated) from which té alternatives are sorted. Design
Problem [11] looksto create or identify a goal or aatithat will satisfy the aspirations
of a DM.The aim is to aid ®M with procedures for creating better alternas.

This work investigates problems in which we look to derive a full cardinal ranking

of the alternatives.

2.1.3 MCDA methods
Various MCDA methodexist to aid a DM in the evaluation of alternatives with respect
to multiple criteria to derive an outcon@verviews of prominent methods are presented

next.

2.1.3.1 Simple Weighted Methods

The Weightedsum Model(WSM) is a simple and commonly used approacimdJeach

criteria weight and alternative score a cardinal ranking of the alternatives can be derived.
WSM model assumes all criteria as benef
increases with its value. The WSM is appropriate only for simpldemabinvolving the

same units of measurements for all the critgtja
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The Weighted Product Model (WPM) is similar to the WSM however multiplication
is utilised insteadof addition.Like the WSM the WPM assumes all criteaa benefit
criteria. The WPM can be altered to support aggregation of criteria of different

measurement units, sgg.

2.1.3.2 Technique for Order Preferene by Similarity to an Ideal Solution

In the Technique for Order Preference by Similarity to an Ideal SoluTi@P§Ig
method[12] a complete ranking of a set of alternatives is obtained based upon their
distances from the ideal solution and the negative ideal solution. The most preferred
alternative (with the largest relaé closeness value) is the one that isctbeestistance

from the ideal solution whilst being the furthest away from the negative ideal solution.
First, the data relating to the different alternative outcomes with retpé#ut criteria is
normalised allowing for comparisons between data from different scales. Next the data
is weighted via the criteria weighte® calculatecriteria weighted alternatives data.
TOPSISdoes notconsiderelicitation of criteria weights froma DM. Next, from the
weighted nomalised dataset, the ideal soluti@nd negative ideal solutiomre
determined. These represent the theoretical best and worst alternatives fiibin all
alternatives data combinddssumingeach criterion is a benefit criterion)Next the
distance that e alternative is away from both these solutismdetermined with respe

to their Euclidian distance arttie relative closeness value of eadternative is then
calculatedFrom this acardinalranking of the alternatives can be created.

2.1.3.3 Multi -Attribute Utility Theory

Multi-Attribute Utility Theory(MAUT) looks to model explicitly the utility function that

a DM consciously or subconsciously utilises over a range of values of a crtE3ion
MAUT can help to model, with utility functions, howetamount of utility for a criterion
changes over the range of values of the criterion. For example, when considering buying
a new laptop a DM may consider criteria that include screen size and hard disk space. A
util ity funct i on Onsnatwe thapi$, thesamouhtmfrutiity incsease i n e
of a criterion over its range of values will be steady. Such a function would be appropriate
if the DMbés view with respect to hard di
the lowest to the highestesul ted i1 n the same | evel 0
preference of utility increase will invariably not be constant over the range of values. For
example, the DM may attach more utility to an increase in screen size between 10in and
12in than the ulity increase between 16in and 18in, despite both representing an increase

of 2ins. Here higher utility increases may occur between lower values of the criterion. A
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utility function can look to model such ndinear relationships. The utility functions of

the criteria along with weights of importance of the criteria are then utilised to assess the
alternatives and calculate a cardinal ranking of the alternadegsing utility functions

to captureaccurately ®Mdas viewscan be challenging and variougtinods of elicitation

have been defined such as UTilities Additives methdtA) [14], 54 ! [15] and

The Generalized Regression with Intensities of Preference (GEIR)See[17] for a

full discussion of MAUT function elicitation methods.

2.1.3.4 Analytic Hierarchy Process

The Analytic Hierarchy ProcesAKIP) developed by Saaf{8], makes extensive use of
the concept opairwise comparisofisee Sectior2.2 ) utilised within a hierarchical
framework defining the decision goal, its alternatives and the set of catgiastvhich
the alternatives are to be compared. AHP canutilised for both single and group
decision making problem#&HP is a popular method anddereateda large body of
literature andapplicatiorsin highly diverse ared49]. The AHP procedure can be broken

down into 5 broad stages.

1. Problem definition and Hierarchy construction. First the goal of the decision
problem is defined along with the alternative outcomes and the criteria relating to the
decision problem. These elements are then represented within a hierarchical structure
where each layer issppendent on thiayer above. Criteria may themselves be made
up of multiple sukcriteria that are represented 1dayelow them in the hierarchy.

For example the criteria of cost of a car may be composed of 2csitiéria of
purchase cost and fuel codtggure2.1 shows a visual representation of a decision of
selecting a renewable energy source, from which 5 criteria and 3 alternatives have
been identified.

2. DM6s pr ef er e.Mheelenehts oo a dindhyer aredhencompared with
respect to the dependencies they share with the layer above them in the hierarchy
through pairwise comparisons of elements on the same layer. AHP allows the
combination of both tangible and intangible data to be consideradtaimaously

within the same decision problem.
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3. Aggregation. Once all information has been elicited, aggregation is pertbhme
derive a cardinal rankingveightg, for the elements at each layer for each dependent
element in the highdayer.

4. Synthesis Synthesis of the rankingd eacHayer of the hierarchys then performed
to calculatea ratio ranking of the decision alternative$ the bottomlayer of the
hierarchy

5. Sensitivity analysis.Analysis of the final ranking and of the stages to derive the
ranking can be performed. Such analysis may include sensitivity analysis to observe
how changes to elicited judgmentSesct the final rankings.

Extensions to AHP have been proposed.gfoblemsconsidering satof elements large
than9, Ishizakapropcsedthe cluster and pivahethod, seq20]. Additionally AHPSort
[21] hasbeen proposed as an extension to allow AHP to be used for sorting decision

problems.

Renewable
Energy Source

- - C -
Community PUbllF Infrastructure Costs xpans!on
Impact Perception Capacity

[Wind Farming ] [ Fracking ] Solar Panels

Figure2.1: AHP hierarchical example structure

To aid the DMin theuseof AHP and to counteissues such as rank reversals, [22¢,
Saaty defined a set of 4 axioms to be followed[8keThe faurth axiom states that any
layer in the decision problagm hierarchy is independent on the lower layers.
Consequently, when interdependencies exighiwithe layers of the systemmore
complexmodelling is required. Ae Analytic Network ProcegaNP) [23] can aid in this
more complex dependency modelliiven a problem to determine the choice of airline

for a flight with criteria of o&épriced an
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two criteriawhich we may wishto consider ANP can beutilised to model these more
complex relationshipg23]. Although facilitating richer modellindNP alsointroduces
issues ofincreasedcomplexity. The questions that are now asked of the DM to give
context to tleir comparisons can be complex @nel number of comparisons required can
become unwieldy24]. Despite its richer modelling prowess ANP is less utilised than
AHP. Here we appreciatthe tradeff between modetomplexity and accuracyf the
representation akality.

2.1.3.5 Outranking Methods
The Preference Ranking Organisation METHod for Enrichment Evaluations
(PROMETHERE [25] is a term used for a family of MCD#Anethods usetb calculatea
partial or il ranking of a set of decision alternatives. The approach has no direct
consideration of the determination of the importance of each criterion, rather they are
assumed to be directly given by the DM. The approach requires the DM to consider two
alternaives with respect to the criteria and determine if one alternative outranks the other,
is indifferent to the other or is incomparable to the other. This evaluation process,
formulated for each criterion, is det@ned by a preference functiomhe outrankig
requirements define the extent to which an alternative should dominate amotieer t
considered to outrank isee[26] for a comprehensive list of preference functions. From
this analysis we can de® from each alternativeoth positive outranking flow and
negative outranking flowalues[26]. From these values a ranking or partial ranking of
the alternatives is achieved depending upon the flavour of PROMETHEE used:
PROMETHEE I[25] creates a partial ranking of the alternatives; PROMETHHEESI|
creates a complete ranking of the alternatifRROMETHEE I1I[27] ranks alternatives
based on intervals; PROMETHEE [®7] deals with continuous datand PROMETHEE
V [28] identifies a subset of alternatives based upon & senstraints.

For theELimination and Chale Expressing RealityeCECTRE method [29], &
with PROMETHEEthere are vaous flavours which result in either a partial or full
ranking of the alternativef30]. Firstly the data relating to the different alternatives is
processed so it can be represented on a common measurement scale. The process then
involves comparisons between a pair of alternativasdowith respect to each criterion
resulting in one of four outcomesdis strictly preferred tay wis strictly preferred tay
®is indifferent tody Gis incompatible ta From this, concordance and discordance
values betweetbandare determined. For an outranking to occur between 2 alternatives

WA 1 dha sufficient majority of criteria should affirm the outranking. The concordance
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value represents the weighted total of all the criteriatbfat outranka The discordance
between a pair of alternatives represents the maximum value from the largest
disagreement between the criteria of the pair of alternatives. Once the relations between
the alternatives are established then the exploration phase is used to arrive at

recommendatiosand outcomedepending upon the flavour used.

2.1.4 MCDA Conclusions

MCDA decision problemseekto determine the suitability of the alternatives of the
decisiongoal with respect to the criteria.key part of prominent MCDAnethodssuch

as AHP and ANRs the concept opairwisecomparison. They can also bélised to
enhance stages of MCDA methosisgchas TOPSIS oPROMETHEEto aid in the
elicitation of criteria weights. The next section looks in detail at paireosgparisonits

properties ands abilities to represent a set of DM judgnts.

2.2  Pairwise Comparison
Pairwise Compariso(PC) enables the breaking down of a larger decision problem into
more manageable smaller chunks. This segmentation of a larger decision problem can be
achieved through the usé the Law of Comparative judgmej#l]. A PC allowsa DM
to consider only a pair of elements and to determine their preference, and strength of
preference, between the pair, with respect to an intangible f&ten a set of elements
to rank, PC can besed to elicit from a DM their preference and strength of preference
for each pair. From this set of PCs a ranking of the elements can then be derised.
ability to take only a pair of elements of a decisatra timeand consider just these 2
elementshelps to achieve a separation afncerns for the DM and assists them in
achieving a more accurate reflection of their judgmg8jtd32]. The strength of PGas
beenshown thorough experimentation with a deterministic example. DMs were asked to
use PC to determine the diffeteatio sizes between a set efinensional shapes. It was
shown that PC aided DMs in making highly accurate estimates of the reality, caghis
the true ratio size differences between the shapefisee

Next PC notation is outlined, followed by discussions of various scales that can be
utilised to represent the strengthaof pr
overview of prominent methods to derive a ranking of elements from a set of PCs along

with measures for evaluating the rankings produced from these methods.
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2.2.1 PC Notation, Propertiesand Graph Visualisation

Given a set ot element0 €. The set of PCs, one for each pairing combination of
elements in the set, can be collated into adimeensional Pairwise Comparison Matrix
(PCM) inside whichevery element is compared with each other along both axis of the
matrix as shown in matri hwhered represents the DM preference between elements
QAT @.

0 0 0
0 0 0
S (21)

Given a comparisod , between elementsandy we candenote thaa DM prefers

elementx to elementy with the notatiorx=y. Various numerical scales may idised
to represent the strength okfgrence and are discussed in Se@i@2 the most widely
utilised being the Saaty-2 Scald33]. When, for example, elemexts preferred 3 times
more than elemeny, this can be denoted as=y with a preference strength of 3.

Conversely the reciprocal comparigon , that elemeny is 3 times less preferred than

elementx, may be denoted 35— x with a preference strength of 1/3. If neither element
is preferred over the other then the elements are said to be equally preferred, usually
denoted by a 1. An elementropared with itself is also said to have equal preference,
and again denoted with aMlatrix M requiress comparison judgments to be comptete
However the trace dfl will represent the selfomparisons of elements and therefore can
be set to equal preference and represented as a 1. Additiovviadiyntains redundant
information within the reciprocal jggnents. The judgment® and 0 are
multiplicative inversely related, such thaff is preferred td2 twice as much then we
can deduce thd&® is preferred half as much &. Thus given) & we can infer
that O pfa Utilising this reciprocal propertglong with the seftomparison
property reduces the number of comparisons needed as well as redymdbgntial
contradictiongrom occurring By using these two properti®és can be rewritten as:

P 0 0
op ) Yy
b U v
o4 o
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Employing these properties the number of judgmé&iseded to complete a PCM s
reduced to:
. €& p (2.3)

A PCMand its propertiesan bevisualisedsuccinctlyvia a Directed Acyclic Graph
(DAG). Each element is represented as a graph node and each judgment is depicted by a
directed arc from the preferred element to atieer. Equally preferred elements can be
shown via an undirected arc. Each arc is then labelled with the judgment preference
strength value. ThdAG may contain every PCM cell element value, with self
comparisons depicted as arcs to themselves and wifiraeal judgments. However to
aid graph clarity thesare usuallyomitted. A DAG representation of a PCM can help a
DM assimilatethe overall inclinations of the nature of the PCM more quickhg allow
them to more easily identify patterns, such as eyalghin the PCM, which might be
hidden within the matrix viewkigure2.2 shows a DAG of a set of elements created from
a PCM in[33]. Here the DM is asked to define their preference strength of the wealth of
7 different countries: United States§)j Soviet Union (USSR); China (C); France (FR);
United Kingdom (UK); Japan (JP) and Germany (GER). From the DAG representation

t he driisnance (in the DMb6s eyes) is easil

Figure2.2: Wealth d nations DAG

FromaPCMaond i mensi onal r e p rjuelgmemst aePteference o f ¢
Vectori can then be derived through the use Bfiaritization Method Thereare many
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prioritization method for this process of reducing a teonensional maix into a one
dimensional rankingsee Section2.2.3 When a PCM is perfectly consisteaty
prioritization methodcan be utilised to derive the trypeefererce \ectorof the set of
judgmentsHowever when incasistency is present within the PCM gmgfererce \ector
derived will only be an estimate of tidormationof the set ojudgmentsinconsistency
within a PCM, its identification and affecse discussed iBection2.3 . In this section

the 19 scale has been utilised, however many different judgment scale functions exist

and they are discussed next.

2.2.2 Judgment Scale Functions

A key consideration dPCis the scale to use to denote the strength of prefecdrezech

of the DMOGs | udg maethsedscan havé implicatorsiugon ot ghe | s
PCM6s ability to accurately represent t
regarding the consistey within the set of judgment$his work focuses on ratibased
scalesThe strengths of preferenoef  a juiddvhérgs can be formulated by the use of

a verbal scale whose points are expressed as words helping to give meaningful context
to the DMO0s qualitative judgmeivénapardfthe gt
elements, compared with respect to some higher element, which element has preference,
and through the verbal scale by how much. Using averbalsdaleist ui t i vel y a
user friendly and more c¢ommo [B4].iTmesewearbal e v e
judgments can thelme mapped onto a numerical scale whose numeric values become the
judgmentstrengthvalues within a PCMTable2.2 shows an example of this mapping and

definitions of both the verbal scale aneBlnumerical scalere saw earlier

Table2.2: Saaty 19 scale mapping from verbal scale

Verbal Preference Strength Numerical
Equal importance
Weak or slight
Moderate Importance
Moderate plus
Strong Importance
String plus
Very strongor demonstrated importancg
Very very strong
Extreme importance

|

O oo NOULSWNN
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Although the most popular scatee 19 scale, has been questioned by sonies aibility
to accurately represent a ©RCMscomangdaesete n c ¢
of consistent judgmen{85]. Consequently many other scales have lpFeposedhat
can be mapped from the same 9 point verbal sbathe Power scalgB6], each verbal
scale point is raised to a common powewhena=2 this function results in a range of
numerical values between 1 and 81. The Geometric 4lauses geometric powers for
a mapping of the verbal scale with respect to a common numericda$ena=2 the
s ¢ a mappirgrangefrom 1 to 512 with the interval between thehedrpoints rapidly
increasing. The M&heng scalg38], (sometimes referred to as the Inverse s[2d¢)
results in a set of numeric scale values frofhlike the linear scale. However there is a
smaller spread between the values in the first two thirds of the verbal poirdsaager
spread of the numeric valuestiveen the lasttdr of t he v er.AkelSalpoi nt
Hamalainen scal89], (sometimes referred to as the balanced 4&4dlp multiples the
verbal points by a small consta@twhere they suggest a value'@as pf¢ T1or pIp X
when'Ce=pf¢ Tithe mapping function creates a set of numeric values that range between
1 and 9. The spread of values for the lowanbalvalues are more closely clustered than
the 19 scale but largehan for the MaZeheng scaleThe Logarithmic sda [34] creates
numerical values dictad by the base valugof the log function whena=2t he scal e
mappingvalues range from 1 toahd 1/3; whem=10the mappingesults in aange of
values from 0.3 to 1IThe Root scal¢36], takes the root to a parameter vafbief the
verbal scale valugsvhend=2 a set of numerigalues from 1 to 3 is cated from the
mapping functionFigure 2.3 shows graphically the mapping functions of the 9 point
verbal scale ontthe scalefunctions'.

The different judgment scales seek to
considering the tradeff being complexity and ease of ugeDM could make a choice
of scalemost suited tdheir disposition andhe decision problem at hanleh. this work
the 19 scale is utilisé within the proposed approacheésie to its overwhelming
prominerce However the approaches proposed are independent of a specific scale and

could be extended to usay of the above scale

L without the power, geometric and Salo Hamalainen e= 1/17 mappings, whose final values rise so steeply
they hinderclarity of the other magngs.
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10.00

=—e=Saaty
5.00 Ma-Zheng
8.00 Salo Hamalainen (e=1/20)

7.00 —e—Logarithmic base 2

—e=—Logarithmic base 10
6.00

—o—Root (2)
5.00

Mapping

4.00

3

3.00

2.00

1.00 )

0.00
1 2 3 4 3 6 7 8 9

verbal scale point

Figure2.3: Verbal scale function mapping onto numerical scales

2.2.3 Prioritization Methods

When a PCM is perfectly consisteany prioritization method will derive the true
prefererce \ector of the set of judgmentgl]. However when inconsistency is present
within the PCM anyrefererce \ectorderived will only be an estimate of thrdormation

of thejudgmentsinconsistency wit a PCM, its identi€ation and affectare discussed
in Section2.3 . Wheninconsistencys present differerrioritization nmethods maythen
derive differenestimatesThelarger the amount of inconsistency, the greateptssible
discrepacy betweerprioritization method. Inconsistency within a PCM of more than a
handful of elements is almost inevitalpié therefore variougrioritization nmethods and
means of evaluation between their resultpngfererte \ectoris an mportant area of
consideration. A brief overview of promingrioritization methodsis now given sedq4]

for fuller discussions and comparisons, and[48gfor furthercomparisons of methods

andinvestigationf similarities between methods.

For a completed set @f elementautilised to create a PCN) there exists grefererce
vectory O 80  ,whered represents the ranking weighting of the elermf@ant
within the matrix for'Q p o &. If the DM is perfectly consistent then the taaship

between each elementinand pair of corresponding weights is such that v 0 -

We can use this property to exprésss:
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S 0 o (2.4)
v Y V) V] UV &
L L V]
R v v U
o Qo

When a PCM is perfectly consistent it will be of rank one and aprefererce \ector
can be derived by taking the average of éfements in any column of the matrix.
However, when inconsistendy present in a PCM then ampyioritization nmethodwill
only attain an estimate of th@efererte vector 0. Therefore differenprioritization

methods may produce differerefererce \ecta results.

2.2.3.1 Prioritization Methods Overview

The most straightforwargrioritization methodis the Additive Normalisation (AN)
method, wherdirst vertical normalisation of the matrig performedby dividing each
element in a column by the sum of the colynthenthe mean of each row is takem
calculatethe weight ofeachelement[4]. Although widely used due to its ease of
application it has been consideretérior due to its simplicity41]. Slight variants of AN
exist sed41].

The Geometric Mean (GM)method finds theorefererce \ector weights via the
product of each row raised to the inverse power [@2]. These weights are then usually
normalized to sum to 1. The geometric mean is sometimes considered more appropriate
than the arithmetic mears autliers have lesdfect upon the resultingrefererce vector
[42].

The Enumerating All Spanning Trees (EASTethod [43] utilises indirect
judgments to derive prefererce \ector from either a complete or incomplete PCM.
EAST is considered anore complete form of the AN method taking into account more
information to calculate itprefererce vector[43]. The method centres on finding all the
spanning treept4] from the DAG representation of a PCM. Frdhe spanning trees
set ofprefererte \ectos can be derivednd afinal prefererce vectorderivedfrom their
averageAs the size of a PCM increases the numbespainningtrees present quickly
increases, consequently&agets large the processing time of EAST becomes aigact
limitation.

The principalEigenvector method (EMyas proposed by Saaty3], for use as the
prioritization methodwithin AHP. The EV method essentially oo represet the twe
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dimensional PCM data set as a alimensional vector. Therefererce ectoris derived
from the eigenvector of the largest eigenvalue of the PCM. This is then usually normalised
to sum to 1.

There areagroup ofprioritizationmethods referreatas optimisation methods. They
look tooptimise thevalue of an objective function to determine a preferencerveaader
a set of constraint3.he Direct Least Squares (DLS) metHd8] looks to minimise the

sum of the differences between the matrix and the derived values. It utilises the
O relationship between the matrix and the possible values ofréier@rce \ector

to find a set of weights which matches this relationship the closest. DLS is a hard objective
to solve due to not having a closed form and it m@yave a unigue solutiga6]. Hence
further to this a closed form of the objective function titledWeighted Least Squares
(WLS) method was proposdd5], which has been shown to have a unique solution, see
[47].

TheLogarithm Least Squares (LL$)2] method is a logarithmic variation upon the
WLS approach. This again has been shown to have a unique spi@joh was shown
that this solution is the equivalent of the GM method solution.

The Logarithmic Least Absolute Value (LLAV) methodroposed in48], is a
variation of the LLS method where the absolute values of each comparison are
considered.

TheFuzzy Programming (FRhethod proposed H¥9] utilises fuzzy logic to solve
the prioritization preference vector problem. In the FP approach, each judgment is
represented as a fuzzy hygere and the method looks to find an approximate point of
intersection othese fuzzy lines, s¢49].

TheTwo-objective Optimisation Prioritisation (TOR)ethodproposed iff50] seeks
to simultaneouslyninimise two objectives, one of the total deviation and one of the
number of violations. For definitions of these objectives Sectior2.2.3.2 Due to the
conflicting nature of these objectivesset of tradeff prefererte vectoswill be derived.

From this set of solutions no siibbn is considered superiand the DM can choose one
based upon thepreferences as a compromise between the objectives.

The Prioritization with Indirect judgments (PrinTinethod [51], seeks to
simultaneously optimiséhree objective functions. Awell as objectivedooking to
minimisetotal deviationrandthe number of violations a third objectik@ks to minimise
ameasurdased on thandirect judgment information within a PCM. The Total Indirect

Deviation objectivelooks to minimisethe total dst ance bet ween t he
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judgments and therefererce vecto® sveight ratios see[51]. Like TOP this method
results in aset of tradeoff prefererce \ectos being derived, th®M can then choose one
from this (large)set based upon their preferences

Various other methods have been propo8ggson proposed a method using goal
programming (GP) to find a preference ved®]. This approach has the benefit of
nullification of a single outlier. Lin proposed the Enhanced goal programming approach
[53] to find a preference vector, that looks to combine the benefiteeoP and LLS
methods. A method proposed using-shuare distance as an objective function to find
the preference vector was proposed by Jefs¢h using the chidistance measure to
minimise distance betweendgments and a preference vectburther to this Zu
proposed a generalized edquare approach, a generalized form of-stuare
minimization[55]. An approach based upon linear regression proposédibynen and
Hamalainen[56] performs similarly to the LLS method. A method proposed by

Ramandtan derives a preference vector through Data Envelopment Analysis [RDBA)

2.2.3.2 Evaluation of Referernce \ecors
Given that inconsistency within a PChié almost inevitablg¢4] and consequently that
different prioritization method may produce differentrefererce vedors, evaluation
measures have been propotedpprais and compare differeptefererce vectos.

Total Deviation (TD)is a measure of the total distance between the oli§iGM
and a derivegbrefererce vectol® s w e i g hdditiomaly tdividing by theAnumber of
elements in the matrix, allavTD measurements between matrixes of odife
dimensions to be compar@sB]. Anothervariantusesonly the judgments from the top
triangle of the PCM and without a final square root operd&6h [59].

Number of Violations (NV), proposed [60] andutilised for PCin [46], is a measure
of the amount of ordinal rank preservation of the judgmentsREM that is captured
within aprefererce vector Given a PCM judgment between elemetdsidy wherex =
y: if in the resuling prefererce \ectorit is the case that the weight is less than the
weight ofy then a violation has occurred. This vex¢ended ij46] to include the concept
of half violations to considerases of preference equivalence

Mean Ab®lute Deviation (MAD) is amneasureof how closea derived prefererce

vectormatctesthe reality of the elements under consideration. The MAD is defined as
the average distance betwesach element of the preference vector and the element in
reality. This evaluation measwrcan only be employed if the trpeefererce vectorof the

elements is known

42



Conformity (C) is aneasure of how closepaefererte vectorconfoms to the average
of a set ofprefererce \ectos derived from otheprioritization nmethods. It can be useful
to evaluate a new method and was utdise[49]t o s how a new met ho

with existing methods.

2.2.3.3 Discussion of Prioritization Methods

There are a mujpie of methods to derive a preference vector from a set of judgments.
Although certain methods may be more suited to certain scenarios there is no consensus
upon the most suitable method to use. Various clalmsitmethods have been proposed,

for example Saatysuggest$61] that that EV is more appropriate than the LLS method.
Converselyis has been shown that tB% method suffes fromright-left inconsistency,

which leads to rank reversals after an inversion of the,smadgnally discovered ifi62],

see[17] for aworked examplelt has been shown that this issue does not occur when
using the geometrimean [42]. Therefore approaches thaeandependent of a specific

prioritization methodvould be mordlexible to different scenaricend DM preferencs.

2.2.4 Pairwise Comparison Conclusions

Pairwise comparisons an effective method for eliciting views from a D¥rough
facilitatinga separatin of concernsvarious scalesan bautilised in defining the strength

of preferece of each judgment from a DMh@&re aremanyprioritization methodshat
can be utilised to derive a preferenceector ranking from a set of judgments
Inconsistencywithin a set of judgmentsffacts theaccuracyof any preference vector
derived,thereforeif we can look toidentify andreduce inconsistency we céwok to
derive more accurafgeference vectorédentification and measurement of inconsistency

within PCMs andapproacheto tackle itarediscussed next.

2.3  Inconsistency
Within PC theconsistency of a PCM is the extent to which its set of judgments are
coherent.PC facilitates a separation of concerns to aid in breaking down a complex
problem into a set of smallehunks and from a set of PC judgments the extra redundant
information present makes for a richer level of information. However the amalgamation
of the smaller chunks into a PCM may result in inconsistency being present in the set of
judgments as a whole. Mgn inconsistencis present in a PCMny preference vector
derived will only be an estimate ofh e | u d g me n t Gossequently, @iffemreatt i o n
prioritization methods may derive different preference veestimates. Inconsistency
within a PCM of morghan a handful of elements is almost inevitddleand therefore
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needs to be considered. The greater the amount of inconsistency present, tlae more
derived preference vectoro n | y represents an esti mat e
information. Approximations of highly inconsistent PCMs produce large errors, hence
Aapproxi mati ons from such ma {68]i thkeefore ma k ¢
inconsisencywithin a set of judgments is assue that needs to be tackled.

There are several reasons why inconsistency may occur within a set of judgments.
Firstly if the reciprocal property within a PCM mot upheld then inconsistency may
occur. For exampldf a DM defines a judgment thain wyet alsodefines a judgment
that wn w, then the reciprocal properly has been breached. Such occurrences have been
referred to as Unusual and False Observations (J&4}) Such inconsistency can be
avoided by eliciting only one of such pairs oflggment from the DM and inferring the
second judgment. Inconsistency may also be present due to insufficient complexity of the
model |l ing process t 65 Medd scaefacilitiesastreBmiries v i
elicitation of a DM6s judgments however
views. For example, if a DM defines thah & with a strength of 9 and thatn wtwice
as much, then it follows thatshould be preferred oveby a value greater than 9, which
cannot be represented by thed Iscale. Inconsistency may also be present due to
physiological reasons, such as imguete information. For example, given a set of
el ements for comparison, over the course
elements might evolve resulting in their opinion towards elements subtly changing.

Inconsistency of a PCM can be categedigasordinal or cardinain nature, these are

discussed next.

2.3.1 Ordinal and Cardinal Inconsistency

Inconsistencywithin a set of PC judgmentsay becategorized as eitherdinal or
cardina) both are imprtant considerations for a DMDrdinal inconsistencydentifies

i nconsistent information without the stre
considered. For examplgiven a set of 3 elements,yandz if xn y,yn zandzn x,

then the judgments are intransitive and contradictaryd ordinal inconsistency is
present. The DAG of these judgments isveidn Figure2.4: Left. From this we see that

a cycle is present between these judgments, in this casap &y/cle (a cycle between 4
elements coulddtermed a4vay cycle and so on). In this example each judgment had a
preferred element, ordina&iconsistencycan also be present within a set of judgments
containing equal preference judgments. For examptantly are equally preferreckX

y) thenfor the set of judgments to be ordinally consistent the remaining judgments must
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be:xn z,andyn z orxNz yN z orxx zy*x z When ordinal inconsistency is present
in a set of judgments then apsefererce vectorderived from them will always cdain
ranking violations (NV), see Secti@?2.3.2

Cardinal inconsistency identifies inconsistency between a set of judgments taking into
account the strength of preference of each judgnfemt.a set of judgments to be
cardnally consistent then each judgmgnshould maintain transitivity that is, the
relation between a first element and a second and betawesecond element and a third
should hold between the first and third, therefof2 "Q z "Q for all x, y, z. For
example, considering a set of 3 elemeqtgandz if xn y with a preference strength of
aandy n zwith a preference strength bf then, for the judgment set to be cardinally
consistent, the finaldgment between elementandz would need to be such than z
with a preference strength afb. The DAG of this judgment set is shownHRigure2.4:
Right. When ordinal inconsistency is present in a set afgments then cardinal
inconsistency will also be present, but not vice verca, furthermore a cardinally consistent

set of judgments will also be ordinally consistent.

Figure2.4: Left: Ordinal inconsistencyRight: Cardinalconsistency

Next we discuss various measures that have been defined to quantify the level of
inconsistency within a set of judgments, first ordinal measures, then cardinal measures.
To aidthese discussiowe definean example set of judgents of 5 elements shown in
Table2.3, andshownas aDAG in Figure2.5.
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Table2.3: Inconsistency Measures Example

A B C D E
All 2 3 13 4
B|12 1 1 1 3
c|13 1 1 4 2
D| 3 1 14 1 3
E |14 13 12 13 1

2.3.2 Ordinal Inconsistency Measues

A measure of @linalinconsistency was proposed by GE&#j, in which the problem is
formulated as a tournament ranking (with 0 and 1 utilised to represent judgments as losses
and wins respectively). For amelement problem the approacktermines the total

number ofthree way cyclesc utilizing the number ofvins of each element .

&éépéc B (i p (2.5)
¢ q

From this we can determine the cycles present in the judgments however, the approach
does notconsiderpreferenceequivalence Alternatively ordinal inconsistency can be
measured via Kendal |l 06s-— (©B3d]eThi§ measue obks to f C
determine the number of\8ay cycles presenK() within a set of judgments in relation

to the maximum number possible &fvay-cycles 0 0 ). Given a set oh elements

b ¢ T8 whennis even, and; ¢ & . whennis odd[67].

L0 (2.6)

Considerationof the maximum possible number of cyclesmkes the measure
independent of the size of the PCM, and allows comparison between sets of judgments of
different number of elementé/hen— p the judgments contain nev@ay cycles

K e n d anledswedas utilisedby lida [68] to determine ifa DM is sufficiently
ordinally consistentenough in their judgments, s¢68]. Kendal | 6s Coef f

Consstenceis calculated under the assumption that the PCM contains no preference
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equivalence judgmentso again hasio consideration of ordinal inasistency present
through equal preference judgments. Looking to overcome this limitatierkKendell
measurebeen extended if69] to look to include preference equivalence within the

calculation.

Figure2.5: Inconsistency Measures Example DAG

An algorithmto determine if a set of judgments contains arway cycles,including
consideration of equal preference judgments was proposg®]|inTheir algorithmto
determine thgresence ofiny 3-way cycles can be determined Vi#0], is stown in
Algorithm 2.1.

Algorithm 2.1: determining 3-way cycles including equapreference consideration
FOR all (i,j,k) from 1 to n WHERE (i [ |
IFlog® logd O O WAND log®d O 0 THEN
Cycle Present!
ELSE IF log @ TTAND log MANDlog I O THEN
Cycle Present!
ELSE
No cycle preent
END IF
END FOR

This allows calculation of whether a DM6
to determine the total number ofwly cycles present, through a counter that is
incremented with each cycle found. With this we have a measurdin&binconsistency

that also considers equal preference judgments. Additionally we can record the elements
involved in each ordinal cycle. Using this as an example, we can identify that there are
two cycles, between:
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1. {a,c,d}aA cA dA a
2. {b, c, d} equal preference between b and c, and between b and dAyek c

We refer hereafter to this measure that considers the number of cycles including
consideration of equal preference cycles a¥hen considering cycles within a set of
judgments w only needd consider cycles of 3 elements as it has been shown that

eliminating all 3way cycles ensures elimination of cycles of higher orfiets

2.3.3 Cardinal InconsistencyMeasures

Various measures have been pisguobto measure the amount of cardinal inconsistency
present within a set of judgments. By far the most promingdbisistency Ratio (CR)
proposed by Saaf$3]. Firstthe eigenvalue of the largest eigenvector of the P} )

is calculated. When an orderPCM is perfectly consistent the €. Next, the

Inconsistency Index (CI) of the PCM is determined.

¢ 2.7
50 3 & (2.7)

The CR is hen found by dividing the CI by tHRandom Consistency Index (Rdr the

order of the PCM. Th&I values represent the average inconsistency found over 50,000
trials of randomly geneted matrixes for each PCM order, $&8]. It has beenrgued

that the simulation of 50,00feststo determine RI valuefor each value ot was
insufficient to obtaina fair reflection of averagealues. Other researchers have done
similar simulations \ith much higher numbers ofidls [72], although the results were

more accuratéhey weresimilartoSaat y6s orsi ginal finding
vk #
&Y g (2.8)

The lower the CR value, the lower the amount of cardinal inconsistency present in the
PCM.Saaty urt her proposed an acceptabi[l18.ty t|
The threshold is designed to be an indicator as to whether a PCM is consistent enough for
a satisfactorpreference vectarstimate to be derived. Using this threshalden a PCM

has a CR vakeiof 0.1 or less, it is considered to be acceptable. For our example from

Table2.3, CR=0.27thus this is considered to have unacceptable levels of inconsistency
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presentlt has been argued that the choice of tHetBreshold to determine an acceptable
level of inconsistency is arbitrary and not based upon solid found4#@8hsTherefore
giving a DM control over such a threst is likely to be beneficial.

Other measures of cardinal inconsistency have been proposed basedheipon
transitive properties ad set of judgmentgConsistency Masure (CM) proposed |i3],
IS a more finegrained alternative of the CR measure that considergmtoasistency
between each triple of judgments. Considering each possible sets of 3 judgments at a time

CM determines thenconsistencyf a triple via:

W W W (2.9)

From our examplehe judgments between elemeats,d 6 0 i EfTdojo v
T80 x are the most inconsistent triple. CM gives not just a measure of inconsistency but
also identification of where the highest levels of inconsistency within the set of judgments
occurs.

Measures of camal inconsistency have been proposed bagmeuh calculations of
the distances between a set of judgments and a derived preference vector from the
judgments. For examplédguaron & Morenalimenez proposed Geometric consistency
Index (GCI) [72] an inconsistency measure based upon the distance measgrement
between thepreferencevector derived using the GM prioritization method and the
original judgments. GCl is calculated via:

)
00 O———— aendQ 11+
EeE p [)e (2.10

Wherev is the ranking value for elemeinin the preference vectorotparison of GCI
and CR was stwn to have an almost linear relationship. A threshold of acceptability of
GCI has been propos¢d2], whenn=3 GCI 0.31, n=4 GCI 0.35, when n4 GCI

0.37. Other distancebased measures making use of a derived preference vector have
been proposed, Chu et §5], whilst proposing the WLS, proposed a consistency
measure using the mean square ei@awford & Williams [74] proposeda distance
measure when proposirtge GM prioritization methadA downside of sucliistance

based measures is thhéyrequire a preferenceector to balerived
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PelaezandLamataproposed a cardinal inconsistency measased on determinant
of the matrixtermed the Consistency Index (GN5]% For a threeelement matrix the

determinant of a judgment triple will be O when perfectly consistent:

N w w (2_11)

The Cl of am xn PCM is then calculated by the average of the CI of the matrix of each
possible sets of three judgments. Furthermiorend Jian also proposed a consistency

measure based on the transitivity ride€76].

We see there are various measures bbdtbrdinal and catinal inconsistencythat
seekto give a quantifiableneasure of inconsistency. For our examplealeulatevalues
from ome of these measurasshown inTable2.4. Next we discuss howe canutilise

such measures to tackle inconsistency witteet of judgments.

Table2.4: Inconsisency Example Measures values

Measure | Value
L* 1
L 2
CR 0.27
CM 0.97
GCl 4.75

*number of 3way cycles with no consideration of equal preference judgments

2.3.4 Reducing Inconsistency

Inconsistency present withaset of judgments has adverfie@s uponany preference
vector derived from thenThereforaf we can look to reduce the amount of inconsistency
before deriving a preference vector then we can look to dimisisllverseféects. Once

inconsistency has been identified, there are various wayayitbe tackled:

1. Getting the DM to review their judgments;
2. Automatically altering the judgments in some way;

3. Proceeding but attempting to take the inconsistency knowledge into consideration

2 Not to be confused with the Random Consistency Index (also Cl) from CR calculation.
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In Chapter 4 of this work we propose a new approach basedthp second of these,
therefore after a brief overview of the other strategies a discussion of previous approaches
to automatically altering judgments to reduce inconsistency is presented.

Getting a DM to reviewand alter their judgments seeks to redtiee amount of
inconsistency manually. Knowledge of the inconsistency present can be utilised to help
guide a DM in altering their judgments. Harker proposed an approach to identify the
judgment whose adjustment r e s uihconsistencg t h e
[77]. Satty proposed approaches[Ti8] to aid a DM in selecting a single judgment to
alter, to facilitate the most reduction in inconsistency with a single judgment change.
Anotherapproach to dett the single most inconsistent judgment in a PCM has been
proposedin [79]. Here he most inconsistent judgment is determined with respect to
cardinal inconsistencyThrough utilizing the redundant information present through
indirect judgments the measures of Congruence and Dissonance prog@géthétp to
identify to a DM the judgment that is the most inconsistaoth ordinally and cardinally
respectively.

When proceeding without alteration to the judgments, analysis of inconsistency
within the set of judgments can aid selection ld most appropriaterioritization
method Different prioritization methods have different procedures and as such are
affected differently by inconsistency. For exampglee WLS method may be a less
appropriate method for a PCM with a single large outlyimpnsistent value, and the
LLAV method may be an appropriate method when a large variety in the range of
inconsistent deviations is present within a PCM

2.3.5 Previous approaches to automatethconsistency reduction

Using measure®f inconsistencywe can lookto quantify the amount of inconsistency
present in a set of judgments. Thamugh alteation of the judgments we can look to
reduce the amount ahconsistency, and determine updasedouns of inconsistency

now present.Generally pevious approaches @mutomatically alter the judgments in a
PCM seeking to reduce inconsistency focus upon either ordinal or cardinal inconsistency
not both. Additionally when alteration to judgments is considered, it is only considered
through constraints or as part of a doned single objective. Moreover little attempt is
made to make the alteration semantically meaningful to the DM. Furthermore, when
seeking to reducmconsistencyo a thresholdialue, they offer na@ontrol forthe DM to

define the threshold value.
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A corvergence algorithm approach has been propog@d ] whichlooks to find an
altered PCM that has a cardinal inconsiste(fcR) measure below a threshgl@R <
0.1). The approach can alternatively be applied iteratively to reduce CR to 0. The
algorithm looks to find a cardinallgonsstent altered PCM as a single objective whilst
se&ing to ensure the amount of departure from the origjadgments is below given
ranges (via hard constraintg)n example ofan original PCM and altered®CM taken
from [81] are shown inTable 2.5. The values ofthe altered PCM are composed of
judgment values that fall outside of thegomal judgment scale (here9), therefore are
difficult for a DM to comprehend how their judgments have changed. Additionally the
constraints used to measuaieparture from the originghdgments ardifficult for aDM
to semanticallycomprehendand relate tdhow their judgments have changeuhich
hinders auditabilityf the process. Furthermore as alteration is used only as a constraint

there is no explicit consideration of looking to minimum the amount of alteration.

Table2.5: Example Measures valuf3l]

Original Judgments Altered lidgments
CR =0.213 CR=0.098
El E2 E3 El E2 E3
El| 1 7 15 El| 1 5984 0234
E2| 1/7 1 1/8 E2| 0167 1  0.107
E3| 5 8 1 E3| 4.274 9.358 1

A similar convergence algorithm approagasproposed ij82]. Again anly cardinal
inconsistency{CR)is considered with the aim to find a solution below a threst@iti<
0.1). The values of altered PCMafalare composed of judgment values that fall outside
of the orginal scale utilised so again hider comprehension. Alteration is considered
(through similar calculations as defined[81]) again as hard constraints by which to
determine if the found altered PCMs are feasible. Alteration constraints are considered
with little attemp to be meaningfuior aDM to relate to and tecomprehendavith respect
to howtheir judgments have changed

An approach that focuses on reducing ordinal inconsisterprpposed ifi83]. This
approach seeks to reduce the number-ofag cycles within a PCM via an iterative
proces of judgment reversalé\t each iterationtiseeks to reverse judgmenthat will

result in the maximum reduction ofv@ay cycles taonverge to golutionPCM without
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any 3way cycles. On each iteration the approach focuses on identifying the judgment
which will have the most impact upon ordinal inconsistency. Through seeking to remove
ordinal inconsistency optimally fewer iterations will be required and thus fewer reversals
required to reach a set of fully consistent judgments. If multiple judgmepresent e
maximum reduction of -8vay cyclesthen cardinal inconsistency is considered as-a tie
breaker to determine which judgment is reversed. Here the cardinal inconsistency of a
judgment is measured via the amount of discrepancy between the judgtramggh and
the measurement of indirect judgment strength, [88¢.

Inconsistency reduction haalso been addressed via the approach [84]
implementeaditilizing genetic algorithm<Only cardinal inconsistend{CR) is considered
as a single objective to look to find solutions for which cardinal inconsistency is below a
threshold, again CR < 0.1. The amouhtatieration between found solutions and the
original judgments is not explicitly considered. Additionally solutions are modelled in

such a way that the reciprocal property of the PCM is not always maintained, therefore

the condition that® P ¢ is not always maintained in found solutions, which may

introduce additional inconsistency into the judgments. The amount the reciprocal
property is violated by is defined via a usettable tolerance parameter.

Similarly a genetic algorithm istilised in[85] to reduce theconsistency of a PCM;
here the PCM and the altered PCM are represented as fuzzy numbers. This appyoach
considers cardinal inconsisterlopking to find a solution with a lower CR value. During
evaluation of solutions during optimisation, the CRrafividuals and the alteration of
the amount of change are considered as a single objective. Individuals with feasible CR
are assigned a high evaluation value. Alteration is considered to then rank the remaining
solutions with CR 0.1 or higher.

Similarly an approach defined [B6] looks tofind an altered solutiowith reduced
inconsistencygonsidering onlyardinal inconsistencyrhe approach looks to find altered
solutions with the lowest value of CR measure. The approach models the problem as a
nontlinear programming model and a genetic algorithm is utilised to solve it. During the
operation of the genetic algorithms individsiare evaluated via the level of cardinal
inconsistency andconsideration of alteratiorto the PCM considered via their
combination into a single objective functioWhere the level of CR is used to measure
cardinal nconsistencyand similarity between thmitial PCM and the solution set is

measured as a ldgpsed calculation being the amount of distance change between the
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two judgments setf86]. The measure of alteration utilised dgficult for a DM to
semantically interpret with respect to the alteration of their judgments.

A summary of the functionally and considerations of these approaches is shown in
Table2.6. Wesummarizehatno approach appears to consider battinal and cardinal
inconsistencyallowing choice by a DM), or explicitly considers alteration separately, or

facilitates DM control over thresholds.

Table2.6: Inconsistency Reduction Approaches

c
B3 | 8 -
5| E|SEL| of|SE| g
= S| aal TS| ©Q
S| £|8S8:E| RE|g2|=¢
O O| ® 58 | =2 | Qs
x —= €| <o =
Approach o
Xu and Wei[81] n n *
Cao et. a[82] n n *
Siraj et. a[83] n | ** n n Hokkk
Costa[84] n
Wang et. a[85] n n Kok *%
Sun et. a[86] n n *ok

* Only asaconstraint

** Only as part of a single objective

*** Only as a tie breakr

**** Has trail of each reversal to 0 cycles

**x6% Original judgments and altered judgments represented as fuzzy numbers

2.3.6 InconsistencyConclusions

Types of inconsistenchave been discussed, along with measures that have been
proposed to quantify incoiséency within a set of judgmentBroposedapproaches to
alterationof judgments looking toeduce inconsistenayithin a judgment sethow little
emphasis upon flexibility, with no facilities for a DM to choose ho@onsistencys to

be measured, ordihand or cardinalFurthermore some approaches do not always
maintain the reciprocal properly of the original PCM, and some approaches find solutions
with values outside of the original judgment scale. When approaches considgioalter

to the judgments the pursuit of inconsistency reduction, it is not explicitly considered,
instead it is only considered as part of a single objective or as a constraint. Additionally
when alteration is considered little effort made to prowdmatic meanindor a DM

regarding how their judgments have altereéturthermore when seeking to reduce
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inconsistencyto a thresholdralue they do not provideontrol to the DM to define the

threshold value.

2.4  Group Decision Making

For many realvorld decisions the opinion of myble DMs isutilised, either to avail of

their combined expertiser to incorporate conflicting views and experiencksis
generally considered that a group of DMs can make superior decisions than a single DM
[1]. Many instances of belief in such a view include for example, in law counts where
guilt is determined through a group of jurists, or where a cabinet of ministers oversees
national policy decisions, orwhenalg@ e companyds cooperate st
by its board of directors. Reasoning as to why a group can make better decisions include
greater overall knowledge within the group than with an individual, as well as a potential
increased watchfulness adérrors and ambiguitieg§1l]. Additionally through the
combination of multiple views, bias that might be present with just a single DM will be
eliminated[17] (or at least diluted). However equally important is the consideration that

a groyp of DMs face issues relating to the incorporation of conflicting views. Such cases
will make synthesisinghe views of the group of DMess than straightforward. Next
discussions of the additional issues of Group decision making within MCDA are

presented

24.1 Group MCDA

Within MCDA, a group of DMs using a method such as AHP need to consider how
derived preference vectors calculated at each level reflect the combined views of the
group. Additionally in methods such as TOPSIS a group needs to consider how the
weights of importance of the criteria can reflect the combined views of the group. For
Group MCDA, there are a number of additional considerations, these concern the
formulation of the problem, the weights of importance of each DM and the aggregation
ofthe groupbs Vviews into a decision outco

discussed next.

2.4.1.1 Formulation of Problem

The first concern is how the stage of formulation of the decision problem and its elements
will be defined. Formulatiomay be defined by single overseeing DMfter which the

other DMs then give their views upon the problgj For example, for a government
decision a short list of alternatives alonghnatiteria to assess them against may already

have been formulated by the government who then wish to get the opinions of experts in
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the field with regard to the alternatives and criteria. Alternatively formulation of the
decision may occuria a more inteactive approach between the DMs involy&8]. Such
interactonmay take place through for exampl e
[87], in which through discussions the group of DMs fashion the elements for a decision

problem.

2.4.1.2 DM Weights of importance
Due to differences in rank or expertise within a groupbfs the importance of each
DM6és views wild/ i nvar i abl yweightsof impdrtameeypfs c ar
a group of DMamnaybe such that they reflect the expertisehe DMs [88]. Therefore
the weights of importanaaf the DMs involved needb be considereds well asiow they
will be calculated

Weightsmay bedeterminé by adecisionoverseerwho decideshow much weight
each DM is assiged. Alternatively veightsmay bebasedupon representatiowithin the
decision where each weight is determined by the amount of effect the decision outcome
will have upon each DMAlternatvely a more participaty approacho the calculation
of DM weightscan beutilised. Ramnathan and Ganesh proposed a method utilizing PC
in which each DM weightsaeh of the other DMs through H89], from whicha vector
ranking of DM weightds derived Such an ggroachmay beopen to abuse from D#§/
deliberately skewingesults to seek a higher weigidditionally sich an approach also
requires DM to have accurate knowledge of the other DMs involved. Gooértainties
could be modelled thrgh modelling thecomparisons through fuzzy numbeas an
approach iff90]. A similar participabry approach to weights calculation is proposed in
[87], here DMs use PC to assess expertise only towards the other DMs, and the approach
additionally facilities vetoes during the comparisons. Spatticipabry approacks to
weights calculation add additional overhead to the amdueli@tation required from
each DM for the decision.

A different type ofapproachwas proposed by Cho and Cho utilise the DMs6
inconsistencyneasures imetermining their weightf®1]. Herethe DMsb6incorsistency
levels are utilised (based around the CR value of eachdbllmore weight is given to
more consistent DM#As we have seen inconsisteraffectsthe accuracy opreference
vectorsderived thereforegiving less weight to inconsisté DMs will reduce its adverse
effects inafinal ranking(and potentially make DMs strive to be more consistent so their

opinions carry more weight)However an inconsistency measurss certainly not
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synanymouswith (domain)expertise of a DM and inconsistenmyay occur for a variety
of reasons as we saw earlier.

Deriving weights of importance for a group of DMs is usually not straightforward,
and hard to evaluata priori. Therefore being able to alter igbts dynamically and

analysis their impact upon group aggregation would be useful.

2.4.1.3 Synthesiso f  DWdwsd
WhenPCs are utilisé within a group environment, the process of derivipgederence
vector needs to incorporate thynthesiof the group oD M svi@ewsinto the formulation

of a singlepreferencerector for the groupGenerally four approaches can be tajgj:

Consensus
Consensu¥ote

Aggregation of individual judgments

0N

Aggregation of individual priorities

The first of these involves discussions between the DMs about each judgment to arrive at
a single entry for each judgment. Such an approach will only be effective whenupe gro

of DMs are a synergistic group and not a collection of individuals which may result in
much discussion with no agreement readd8§l Additiondly any differences in opinion

and compromises required to reach agreement will be lost hindgeongability
Furthermore such an approach makes little practical sense when the number of DMs is
large or in different locations and time zones. When tisameuch disagreement between

the DMs then the second approacliCohsensus Voting could be used to try to achgeve
single entry for each judgment througbting. Such approaches retain only the decided

or voted for judgment hence reveal no informationualtioe separate viewgtween the

group hindering traceabilityConversely the third and fourth approaches look to elicit
separate judgments from each DM for each judgment. The problem then becomes how to
aggregate these individual judgments together, reowd to explicitly incorporate DM
weights of importance.

Through eliciting separaggidgmentsfrom each DMa PCM for each DM can be
created From these we then seek to deravsinglepreferencevector, representing the
combined preferences ofl ahe DMs. Given a group ofDMs providing their PC
preferences for a set efements, the problem is to aggregate the PCM of Batimto
a single preference vector with additional consideration of the weights of importance of
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the DMs. A further consideration for gu scenarios is how constraints might be
incorporated into the aggregation process and how they couldithém a negotiation
procesq94]. When individual judgments are elicited from each DM, aggregation can
then take the form of either Aggregation of Individual Judgments or Aggregation of
Individual Prioritieg34]. In the former the judgments from each DM are aggregated into

a sirgle set of judgments from which a single group preference vector is derived, see
Figure 2.6. Il n the | atter a separate prefere
judgments, then the set of preference vectors are aggregated simglea preference

vector, sed-igure2.7.

® ® ®
oM 1 oiA oM 3 oM 4
ludgments ludgments ludgments ludgments
Agpregated
ludgments

N

Agpregated Weights Vector

Figure2.6: 4DM aggregation of individual judgments

Two prominent methods to these aggregation approaches are the Geometric Mean
Method (GMM) for aggregation of individual judgments and theighted Arithmetic
Mean Method (WAMM) for aggregation of individual priorities. When all the DMs
involved are perfectly consistent it has been shown that both these mathematical
approaches will prodecthe same final group preference vef36}. However as we have
seen inconsistency for a single DM is almost inevitable for more thiaandful of
elements so with more DMs involved the more likely inconsistency will be present. We

now look in detail at these two approaches of aggregation of individual priorities and

58



aggregation of individual judgmentsnfexampleof judgments from BMs (d equal
weights)for 4 elements using the-Q scale is shown ifable2.7, which will be used to
discuss these approaches.

[ ] @ ®
oM 1 oM oM 3 oM &
ludgments ludgments ludgments ludgments
W W W W
DM1 Weights DM2 Weights DM3 Weights DM4 Weights

Vector

Vector

Vector

Vector

Agpgregated Weights Vector

Figure2.7: 4DM aggregation of individdaoriorities

2.4.2 Aggregation of Individual Priorities

Aggregation of Individual Priorities involves the calculation of a preference vector for
each DM from their judgments. Then a single preference vector can be calculated through
aggregation of the set ofdke preference vectors as showfigure2.7. The Weighted
Arithmetic Mean Method (WAMM)[89] is utilised within aggregation of individual
priorities to aggregateeachseoarate DM preference vector intosingle aggregated
preferencerector. This is generally donesing the arithmetic meé@and the weights of

the DMs, generally normalised to sum td@zlven aproblem withn elements and group

of D decision makerfom which a separate preference veeobd & has been derived

we can calculate the WAMENtom:

3 Alternatively thegeametricmean could betilised for aggregation of individual priorities calculation, see
[98]; howevel[89] conjecture that the arithmetic mean should be used.
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Wherew is the priority of elemerjtfor DM i andv is theweightof decision maker.

Table2.7: 4ADM Group Example Data

DM1 DM2
CR:0.29 L: O CR:035 L:1
El E2 E3 E4 El E2 E3 E4
El 1 4 3 5 El 1 1/6 1/5 1/4
E2 | 1/4 1 6 8 E2 6 1 1 1/3
E3 | 1/3 1/6 6 E3 5 1 1 6
E4 | 1/5 1/8 1/6 1 E4 4 3 1/6 1
DM3 DM4
CR:16 L:2 CR:0.31 L: O
El E2 E3 E4 El E2 E3 E4
El 1 5 5 1/9 El 1 1 1/6 1/7
E2 | 1/5 1 1/5 E2 1 1 1/9 1/3
E3| 1/5 5 1 4 E3 6 9 1 1/6
E4 9 2 1/4 E4 7 3 6 1

Using WAMM to perform aggregation for our example West derive individual
preference vectors for each DM as showiiable2.8 (here using the GM prioritization
method).

Table2.8: 4DM Group Example Separate Preference Vectors

El
0.49
0.06
0.30
0.07

E2
0.33
0.24
0.12
0.07

E3
0.13
0.47
0.33
0.29

E4
0.04
0.24
0.24
0.57

DM1
DM2
DM3
DM4
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From thesdour preference vectothke WAMM preferencevedor is shown inTable2.9:

Table2.9: 4ADM Group AMM aggregation of priorities Preference vector
El E2 E3 E4
AggregatedPreferenceVector ‘ 0.23 0.19 0.31 0.27

TheWAMM has no consideration of the levelalferationthateach DMs views undergo

in reaching consensus, as the resulting final preferermtengives no indication of each

D M6 sompromise, whichhinders the traceabilityof the aggrgation process.
Furthemore the WAMM has no capability to facilitate constraints of tolerance to be
defined by the DMs to control the amount of compromise their viewsundgrgo in
attempting to reacltonsensusAdditionally the WAMM has no consideration of
inconsistency durip aggr egation whi ch, i f high in
affect the accuracy of the individual preference vectors deffimeg@ach DM In our
example DM3 is highly inconsistent, and all 4 DMs havetigi CR values greater than

0.1 which will affect the accuracy of the aggregation.

2.4.3 Aggregation of Individual Judgments

During aggregation olihdividual Judgments each judgment for each R\aggregated

one by onénto the creation of a single aggregated set of judgments. From this aggregated
set of julgmentsa singlepreference vector can then be derived as shoviagure 2.6.

The Geometric Mean Method (GMM®3] can ke used to aggregate the PGVbf
multiple DMs into a single aggregated PCM. Originally proposed under the assumption
of equal weights of importance of each DM, a weighted GMM appr(sminetimes
referred to as the WGMMgan calculate a weighted aggrega®dM, incorporating
unequal DM weights of importance. A single grqueferencevector is then derived
from this aggregatedveighted PCM. The geometric mean should hsilised for
aggregation of individual judgments as opposed to the arithmetic mean te émsu
reciprocal property of the judgments is preseri@g]. For examplegiven judgments

from 2 DMs for 2 elements wher@M1 prefers Elementl 9 times more than Eler@ent
and DM2 prefers Element2 9 times over Eleméntthus prefers Elementl 1/9 over
Element2. Fromthese 2 judgmentsie see that th@ DMs6 strength of preference

regarding these 2 elements are opposing and the aggregation of these equally extreme
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views should undergogeal compromise (assuming equal DM wegghit importance).

Using the geometric mean as aggregation thisesase:

(2.13)

However use of the arithmetic mesgsults inunequal comprorme duringaggregation
(here favourin@>M1):
P W (2.149)

During such aggregation it has been shown that Pareto optimality may not be maintained
in such aggregatiof89]. If all DMs judge that they prefer element A over B yet within
the aggregation this is reversed then Pareto optimality is not maintained. However Van
den Honert and.ootsama contend that such cases may oandrare epected as the
aggregation is attempting to calculate compromise of DM views ands not
representative of any omginion of the group of DMf7]. Howeverknowledge okuch
compromise is logiuring the GMMaggregation process therefdrieadering traability.

Given a group ob decision makers a set of judgments is elicited. We calculate each

aggregated judgment @om:

0Q Q (2.15)

wheretheit h DM6 s | @ e mssuming éqsal weights for each DM, given the

weights of DMs, each aggregated judgment can be calculat§@Byia

6 Q Q (2.16)

Yo 0 BEOND  p
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where0 is the weight of théth DM. Using the GMM to perform aggregatiofor our

example first an aggregated PG&/Mderived shown inTable2.10. From this aggregted

PCM a single preference vector is derived, showitahle 2.11 (here using the GM
prioritization method).

Table2.10: 4ADM GMM Aggregated PCM

El E2 E3 E4

El 1 135 0.84 0.37
E2 | 0.74 1 0.60 1.15
E3 | 1.19 1.65 1 2.21
E4 | 266 0.87 0.45 1

Table2.11: 4DM Group GMMaggregation of priorities Preference vector

El E2 E3 E4
Aggregated Preference Vector‘ 0.19 020 0.35 0.25

We observe that a different final preference vector has been derived for our example from
the GMM and WAMM approaches, due to inconsistency being present within the DM
judgmentsLike WAMM, the GMM has naconsideation of the levels of commmise

thate ac h D MO s undergddgrmgaggdregatioto reach a consensus. This hinders
understanding and traceabilibf the aggregation process. Furthermore the calculated
aggregated PCM does not maintain the judgment scale utilised to elicit the DM
judgments, making it harder for the DMs to discern how their judgments have altered to
reach this consensus. Similarly the GMM has no capability to facilitate constraints of
toleranceto be defined by the DMsAdditionally, the GMM does not consider
incorsistencyduring the aggregation process ahdhas been shown that the level of
ordinal inconsistencymay actually increase during the aggregation pro¢83$ An
example taken frorfB83], modified so all the initial judgments adhere to tH& dcale, is
shown in Figure2.8. Fromthis example we can see that there is a singl@gcycle in
each DMés views whereas there are 2 <cycl
cardinal inconsistencf{©9] and[100] showed that when using the GMM thevél of
cardinal inconsistency in the aggregated PCM will be at most that of the most inconsistent
DM, with CI utilised as the inconsistency measurgo®] and CR as the inconsistency
measure if100]. However as th GMM does not consider how to tackle inconsistency
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the aggregation may result in an aggregated PCM with unacceptable leveldirwdlcar
inconsistency, when adhering ttee CR threshold measure of 0.1 For examplgure

2.9 showsthe judgmentof 2 D Ms , one wh @GR belpw@lgandeong s h
whoo6s | daohotnleeraggegated PCérived withGMM resulsin a PCM with

CR: 0.26, so greater than 0As we have sedmigh inconsistency withinBCM adversely

affects the acaracy of a preference vector derived from it. However aggregation at the
judgment level would allow the opportunity seek toreduce inconsistency duririge
aggregationnto a single set of judgmentsihich is notpossiblewith aggregation of

individual priorities.

~y&”
Geometric Mean
Aggregation

Figure2.8: Ordinal inconsistency increasing during GMM aggregation

2.4.4 Other aggregation Approaches

Aggregation approaches have been proposed to consider group decision making scenarios
with incomplete sets of judgments, through linear programming and fuzzy programming

in [101] and through a bayesian based approa¢hdg]. Such scenarios may occur when

a DM has insufficient expertise to judge every comparisaganathaet al. proposed a

fuzzy AHPapproach to aggregation[@0] which makes use of fuzzy numbers within the

AHP methodfor group decision supporBryson and Ja&ph proposed an aggregation
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approach utilizing logarithmic goal programming techniques for reaching consensus

where preference vectors are represented as numeric in{@Qails

CRO0.26

Figure2.9: CR value greater than 0.1 during GMM aggregation

2.4.5 Aggregation of PCs Discussions

Regarding the WAMM and GMM approaches for aggregation of a group of DMs, there
has beemliscussion ofvhichis most appropriatg89]. Forman, Peniwatiecommend that
when considering both the GMM and thNéAMM, the most suitable mathematical
aggregation generally depends on largelynavkn information, such agor example, if

the group is a synergistic unit or a collection of individugl8]. However such
information invariably is unavailable at the start of a decision process.

Both WAMM and GMM approaches have no explicit consideration of the amount of
alteration that each DMOs v i achwsggregatiorer g o ¢
approaches individual identities are lost within the aggregdtigih This hinders
traceabilityof the aggregation process as well as validity of the decision outcomes. This
additionally hinderextraction of knowledgéom the group of DM, such as which DMs
are most similar and which are most in conflibescriptive approaches have been

proposed that look to analyse a group of DMsltiple authors have proposeteasures
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of dispersionthat seek to determine when the group is not homogenous enough to
recommend that further discusssosre required before aggpation, se¢104], [105].
Here confidence intervals and geometric dispensation values are utilised to measure if the
group is harmonious, s¢&04], [105]. However such measures are hard for a DM to
semantically interprewith respect to their judgmenthe GAIA (Geometrical Analysis
for Interactive Aigd plane [106] can beutilised as a descriptive extensiorof the
PROMETHEEMCDA method[25] for asingleDM. GAIA uses the PCA dimensionally
reduction techniqu§l07] to visualse in 2-dimensions the alternatives with respect to
each otheandthe criteria.The GAIA planeis alsousable witin agroup seihg [108],
wherethe groups modelledthrough aradditionaldimension of data toebreduced into
2-dimensions. This can then showZidimensions DMs in relation to each other and the
alternatives, sgd.08]. An approachwas proposed to help identify outliers within a group
of DMs within group AHP problems if®2]. Using individual preference vectors from
each DM the approach looks to visualise the group through the use of Sammon map
dimensionally reduction techniquyé&09]. Exposure of outlyinddMs may make such
DM& judgments more objectiy82]. The measure ithe distancethateach DM is from
the preferencerector generated fronthe GMM aggregation approach, therefore the
knowledge foundaswith the GAIA planemay be difficultfor a DM to semantically
interpretwith respect to their original judgments

Additionally boththe WAMM and GMM approaches lacgrovision for DMs to
define thresholds upon their judgments tatedeled asconstraintsn the aggregation
processSuch thresholds should allow DMs to defilhe tamount of alteration to their
judgments they are willing to concede in looking to reach a consensus and hence increase
their control over the process. The lacksemantic meaningf alteration is a hindering
factor to DMs setting meaningful constraints

Furthermore neither thH@ AMM nor GMM consider inconsistency reduction during
the aggregation process which may even increase during the aggregation process. As we
have seen earlier, inconsistency affects the accuracy of any preference vector derived.

As we have discussed, determining precise DM weights is not stfarglerd. Both
the WAMM and GMM incorporate weights intbe aggregtion process as fixed values
and any alteration in DM weights requiresro@ning of the aggregation processmare
flexible handling of DM weights during aggregation would be beneficial, to facilitate
sensitivity analysis.

In conclusion we have identified four areas of limitations of current aggregation

approaches, lack of:
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1 Modelling compromise isemantically meaningfulays
1 Facilitating DM constraints upon alteration

1 Considering inconsistency during aggregation

1 Allowing dynamic DM weights of importance

2.5 Summary

MCDA andits prominent methods are an active area of research. Though facilitating a
separation of concernrB,C enabl es an accurate extracti
a primary part of MCDA methods such as AHP and ANP and can be used as an extension
for methods such as TOPSIS to derive criteria weigitensistency within PC is almost
inevitable and it décts the accuracy of derived preference vectors from a set of
judgments. Approaches that look to reduce inconsistency lack flexibility, interactively
and specific consideration of the alteration to the judgments in a way that is semantically
meaningful toa DM. Group aggregation of PCs seek to aggregate the views of multiple
DMs to reach a single consensus preference vector. Current aggregation approaches lack
provision to model the compromise that e
to facilitate DM constraints, to consider inconsistency during aggregation and to
dynamically incorporate DM weights of importance.
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Chapter 3 Measures of Compromise

3.1 Introduction
In this chapter measures of compromise for determining alteration to judgarents
proposedthat seek to beemantically meaningfub DMs. The proposedneasureseek
to berelatable to by a DMso thatthey canenhancehe knowledge and understandiag
DM cangleam froma decision When using PC for eliciting views from a DM there are
multiple scenarios where being able to measure the difference between sets of judgments
should be beneficialSuch as:
{1 During inconsistency reductonwa DMO0s judgments are a
to lookto reduce the amount of inconsistency present
1 During gioup aggregation when a set of aggregated judgments is sought, during
which it should beusefult o measure the amount of
judgments undergo to reach consensus
1 When dealingwith a large group of DMs being able to measure the difference
betweenDM views would aid tasks such &entifying andgrouping together

thoseDMs with similar views

By looking to define measures that are semantically meaningful to a DM we seek to aid
a DM in aricher understandingf these scenariobleasures thare meaningful to a DM
shouldenrich the decision procelsg making such scenarios maeditableandtraceable
and allow richer sensitity analysis to be performeddaving measures that are
meaningfulshould also aid a DM in being able to set informexhstraints and vetoes
within these scenaripfor example, to aid a DM in defining the amount of alteration they
are willing to tolerate when looking to reach a group consensus.

In this chapter judgment set representations and encodings are presentednNex
analysis of how alteration to judgments can be measured is discussed and a set of
measures of compromise are proposed. Finally a brief oudlipeesentedf how these

measuresvill be utilised within subsequent chapters of this thesis.
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3.2  Judgment SetRepresentation

Given a problem withN elements we elicit a PC from a DM, using a preference scale
such as the-9 scale, of each pair of elements within kheet of elements to construct a
PCM. From the PCM a preference vector ranking of the elemenés oadsideratiomns
derived. Due to the reciprocal property and-selinparisons of a set of judgments, as we
saw in Chapter 2, the minimum number of judgmdmesquired to construct a complete
PCMis:

00 p (3.2)

From a completed PCM we can extract a sef pfdgments that will contain all the
information to reconstruct the PCM. The top triangle of judgments from a PCM can be
extracted to defind. We can represent this setlgidgments aa onedimensional array.

For the range of values of a bounded judgment scale we can then convert the judgments
into integer values of their position along the scale that they represent. When using the 1
9 scale there are 17 possible values that each jewdigoan take so we can convert each
judgment into an integer value between 1 and 17. For example, from a completed PCM
whenN=4 we extract 6 judgments to defideas a vector, which we can represent as an
encoded integer vector, as showrFigure3.1. Then for a scenario such as looking to
reduce inconsistency within a set of judgments we can measure the amount of alteration
between the original judgments represented in this way and a set of judgments altered to
reduce inconsistency also represented in this way.

Such a representation will ensure that each step along asscatesidered as equal
alteration. For exampléhe step between 1/8 and 1/6 should be the same amount of
alteration as between 6 and ®oth 2steps along the scale, as showigure3.2. This
is important to ensure no disparity between how judgments are elicited (if a question is
phrased Awhich is preferred A verselyBeéachor fi:
judgment is represented as a decimal placed value alteration between fractions will be
treated as smaller compared to their whole number equivalent values. Additionally such
a representation will ensure that the reciprocal properly of a PClkhaintained.
Constructing a PCM from a set of judgments representéaisrway will maintain the
reciprocal properly of the judgments. Converselg discussed in Chapter 2ome
previous approaches to reducing inconsistency represent the whole d#l anPG
encoding andhe found solutions donot always maintain this reciprocal properly.
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Furthermore representation of a PCM in this way windised to alter the judgments in
some way will ensure that the altered judgments maintain the original sgadgments.

This will ensure that an altered set of judgments wililoee comprehendibl® a DM,

as they willbe able tomore easily interpret any alteratiotigat their judgments have
undergone, and will also maintain the model of representation ofitfieal judgments.
Converselyas discussed in Chapterp2evious approaches to reducing inconsistency
invariably look to find solutions with judgments outside of the original scale values.
Additionally, during group aggregatiomggregation of individugbdgmentapproaches
such as the GMM invariably find solutions with judgments outside of the original scale

values.

112 1, 4
Y, 1 |6 8
0= 2
A | e ]
Yo Yo 2 1
J=| (212468172}

Er=| {108.12.14.16.8}

Figure3.1: Example encoding of set of judgments for an N=4 PCM

Suchencoding has beemplemented for representation of judgment sets elicited using
the 19 scale, due to its overwhelming prominence in theoretical and practical studies.
Therefore the approaches and their examples presented in thisthissithis encoding

andthe 19 toelicit judgments from DMs. Howeveur approaches are independent of a
specific scale and could be extended to implement other bounded sales such as those
discussed in Chapter 2. Next we will discuss how we can measure alteration in various

waysthrough masures of compromise
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1-9
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Encoding
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Mapping

2 2

Figure3.2: Judgment Encoding to ensure equal alteration across the scale

3.3  Measures of compromise

To measure the alt@ion betweemn originaludgment and an altered judgmentpuore
generallythe distance between 2 judgments, we consider how to quantify the distance
between a pair of judgments. Then across a set of judgmem@nealculate a measure

of total distance between two judgment sets. Given a judgmer®setresenteds a

set of judgmentsq ¢ M8 .  of cardinalityJ. We can look to measure the amount of
alteration betwee® and a secondlteredjudgment setA) of judgments & fd B A .

We measue alteration to a judgment in a number ofysa

1. Consideringalteration as a binary value of whether the judgment has changed,
termthis aJudgment Violation;

2. Considering the amount of alteration the judgment has changed by, we term this
Judgment Deviation

3. Gauging if the judgment preferenceshzhanged from one elemdiging preferredo

the otherwe termthis aJudgmentReversal

Visually we can represent the measures of Violation, Deviation and reversal, as shown in
Figure3.3. For a whole set ofydgments we can use these measures of alteration to a

single judgment to define measures of compromise as.

1. Number of Judgment Violations (NJV) a measure of the number of judgments that
have changed
2. Total JudgmentDeviation (TJD): a measure of the tdtamount of change between

each judgment
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3. Squared Total Judgment Deviation (STJD) a variant of TID which gives more
emphasis to larger amounts of deviation to a judgment

4. Number of Judgment Reversals (NJR)a measure of the number of judgments that
have leen reversed

Judgement  Judgement Judgement

Element 1 . . ..
Violation Deviation Reversal

Element 2

Figure3.3: Measures of compromise

We now define each measure. To aid analysis within each definition we visualise the set
of possible values of each measure for a single judgment aceasstfe of values of the
scale. When using the9 scale, and using the keykigure3.4, we show how the value

of a measure changes over the range of values of the scale for a single judgment.

—~-1/9—+1/8-+-1/7-1/6—~~1/5~+~1/4—+1/3+1/2—+1
-2 -3 -4 5 6 7 8 —9

Figure3.4: 1-9 scale value Key

3.3.1 Number of Judgment Violations
The Number of Judgment Violatio@dJV) is a measure of the number of the original set

of judgments that have changed, whervaluates to 0 or 1 for eaBwolean evaluation.
60w 1 €A @ (32)
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The range of values of NJV for a single judgments will be either 0 or 1. From NJV a DM
can see how many of their judgments have alteretthowi consideration of the amount
of change to each judgment. NJV could be useful when a DM is seeking solely to look to

minimum the number of their judgments that change in the pursuit of a goal.

3.3.2 Total Judgment Deviation
Total Judgment Deviatiom (D) isa measure of the total amount of change between each
judgment from the original judgments and an altered judgment set. It takes into

consideration the amount of preference change between each judgment comparison.

"YU O € ® (3.3)

We can visually see the range of the measure for a judgment over the values-8f the 1
scale inFigure3.5. FFom TJD aDM can get a sense of the total amount of alteration their
judgments have endurefd]D could be useful when a DM is seeking to minimize the total

amount of steps along the scale their judgments undergo in pursuit of a goal.

A modified version of the TJD easure is the Squared Total Judgment Devig8aKD):

YYOO ¢ (3.4)

Here the deviations between the corresponding judgments in both sets are squared,;
consequently altered judgments with a large alteration in steps alosgalkewill have

a greater | mp a ctotal. The camge of theemeasarafera singlé jadgment

is shownin Figure 3.6. We can observe how STJD gives greater emphasis to larger
deviation changes, there&®STJD would be a useful measure when a DM is seeking to

avoid large changes to their judgments in the pursuit of a goal.
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Figure3.5: Total Judgment Deviation (TJD)
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Figure3.6: Squared Total Judgment Deviation (STJD)

3.3.3 Number of Judgment Reversals

The Number of Judgment Revers®dR) is a measure of the number of judgments from
the original set whose preference has been inverted in an altered judgméfdrset
example, given an original judgment between elemesnsly wherex=y: if in an altered
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judgment set it is the case thdty then a judgment reversal has occurred. This measure

of compromise also consideralfreversals. Half reversals are defined as occurring when

a judgment of equal preference is altered to be a judgment of not equal preference or a
judgment not of equal preference is altered to be a judgment of equal prefevéece.

using the 19 scalewe can specify equal preference, greater than equal preference and

less then equal preference, as 1, greater than 1 and less than 1 respectively.

0o’y Y (3.5)

where . PE pwEQ p
opE pwEQ p
Y E pREQ p
TRIGE  POERQ p
g R 0 QI Q

For a DM NJR give a clear indication of the number of their judgments that have been
inverted regardless of their strength, which we can see visudhigime 3.7. The NJR
could be a useful measure ®DM seeking solely to minimise the number of preference
changes to their judgments in the pursuit of a goal.

0.5

NJR

/9 1/81/71/61/51/41/31/2 1 2 3 4 5 6 7 8 9
Judgement Value

Figure3.7: Number of Judgment Reversals (NJR)
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3.4  Measures ofCompromise Example

With these defied measures of change we show briefly how they cartilised within

the scenarios discussed in the chapteros
aid understanding during a scenario of r
example inFigure 3.8: Left we have the DAG of the set of judgments we introduced
earlier inFigure3.1. Initial inconsistency measwgef these judgments are CR: 0.&#&d

L: 2.0. InFigure3.8: Right a DAG is shown of an altered version of the judgments with

the inconsistency removed, so here CR: 0 and L: O.

Figure3.8 Left: Initial Judgment seRight: Judgment set with inconsistency removed

We can encode these sets of judgments and measure the disgmeerthemwith the
measure of compromisas shown imTable3.1. From this a DM can see that taifdate

the removal of inconsistency, just 3 of their jodgnts have changed, and that 2 of their
judgments have been reversed. Additionally tbeg thatitotal amount oR2 scalesteps
occurred. Furthermore the large STJD value in comparison to the/dldb reveals to

the DM that large deviation steps have occurfedm this a DM can discern descriptively

how their judgments have been altercated to, in this example, eliminate the inconsistency

from their judgments.

Table3.1: Example measures calculation

Value
NJV |3
TJD |22
STJD | 164
NJR |2

Additionally we canutilise the measures to help discern the difference in views between
DMs, for scenarios of group aggregation. For exapnfalgure 3.9 shows as DAGsthe

judgments from 3 DMs, along with the measure of comproofie&dD and NJR values
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between each pair of DMs. From this we observe that DM1 and DM3 appear closer in
their views with both fewer reversals ale$s deviation between their judgments than
between DM2 and either DM1 or DM3. Sudkscriptiveanalysis of the measures of
compromiseduring the scenario ajroup aggregatiorcould facilitatetraceabilityand
transparencp f how each D Mifestedtoueda aggragaton. a r e

In these examples the measumscompromisehave been usetbr descriptive
purposesSubsequenthapters will investigate how these measuresb=amtilisedas
objectives such as sing the measures compromiseo seek to reuce inconsistency for
the minimum aount of altemation, and using the measures to seek to reach a group

aggregation for the minimum amount of alteration.

3.5 Conclusions

In this chapter we have defined a range of measures of compromise for measuring the
alteration of a set of judgments or the distance between sets of judgriibetaeasures

aim to bemeaningful to a DMto allow them tomore easilyrelate to andextract
knowledge from themThrough defining measures that are meaningful to a DM we seek

to aid richer approaches to decision makinithin scenarios such as inconsistency
reduction and group aggregatidveasures that are meaningful to a DM should enrich

the decision making process through making such scenarios more traceable and auditable.
Additiondly using meaningful measureshould allow for richer interactivity and
sensitivity analysis to be performedl.DM can more easily interpret the values of such
measures and more easily interact within the scenarios for example through setting
meaningful castraintsVarious scenarios for which these measures catiltsed within

are explored over the rest of the thesis. Chapter 4 proposes an approach to inconsistency
reduction within aset of judgmentsising the measures to look to reduce inconsistency

for the minimum amount of alteration. Chapter 5 proposes an approach to the aggregation
of a group of DM8&judgments utilizing the measures to aid analysis of the amount of
compromisethat each DM undergoes during aggregation. In chapter 6 an approach is
proposed for grouping darge group of DM into groups utilizing the measures of
compromise to help discern similarity between Dafgl create a single views from a

group of similar DMs to help reduce the complexity of large group aggregation.
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Figure3.9: Measures of Compmise of difference between Diews
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Chapter 4 Reducing Inconsistency in Pairwise
Comparisons Using Multi-objective Evolutionary

Computing

In this chapter we present a new approach to reduiciconsistency within a set of PC
judgments via MultiObjective Optimisation (MOO). After the problem definition an
outline of the stages dhe MOO approach to the problem is presented along with the
objectives usable within the approach. Next analydisan exhaustive search
implementation to solve the problem is discussed with comparisons to@®hjéctive
Genetic Algorithms (MOGA) to assess their suitabifiy the problemFollowing this
how constraints are implemented within the approach are ybukdcussed This is
followed bya number obxamples of the approach. Finally conclusions are presented.

4.1  Automatically Reducing Inconsistency in Pairwise Comparison

As outlined in Chapter,2Cscan beutilised to elicit an accurate representatio@biM 6 s
views throughfacilitating a separation of concernbloweverinconsistency maye
present in a set of judgments elicited via PCs and such inconsistency is almost inevitable
for more than a handful of elements. Inconsisten@nignportant consideratioas its
presence in a set of judgments will have adverse effectsaugerived preferenogector
ranking of the elements under consideration. Inconsistency may be tackled through
looking to automatically alter the judgments to seek reduction. Multigleoaphes to
automatically reducing inconsistency in a set of judgmest® analyed in Chapter 2
where theiflimitations wereidentified anddiscussedCurrentapproaches only consider
either ordnal or cardinal inconsistency and also ldoldeterminelteredsolutions with
judgments that fall outsidaf the original judgment scale utilisdeulrthermorealteration

to judgmentss only considereds constraints or as partattombined single objective.
Moreover little attempt is made to make the alteratrequired to facilitate the
inconsistency reductiogemantically meaningful ta DM. Additionally the approaches

offer little or no capacity to allova DM to define their owrconstraints and thresholds

upon either inconsistency measure levels or levieddteration Thereforen this chapter
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we present an approachtize reductiorof inconsistencyn a set of judgmenthat looks

to overcome these limitations.

4.2  Approach to reducing inconsistency in a set of PCs

The approach loo& to optimally reduce inagsistency within a set ddM judgments
through modelling inconsistency measures amebsures of altation to theD M6 s
judgmentsasseparat®bjectives via MOO. The approach takes in a set of judgments from
a DM and looks to findAltered Solutionswhich ae new judgments sets that will be
derived from the MOO process. Botardinal and/or ordinal inconsistency can be
consideredgiving a DM control over the type of inconsistency reduction to seek.
Alteration to judgments is explicitly considered time appioach making use of the
measures of compromise proposed in Chapter 3. The apdemaltates inconsistency
reduction whilst also lookindo minimise the amount of altgion to achieve the
reduction.The use of theneasures of compromiggve a DM consideable control over

how alteation is measured to meet their neet¥oreoverthey help a DM glean
understanding of the process ambwledgeof the tradeoffs involved, helping both
traceability and sensitivity analysigdditionally the approach allows a B to set
constraintgelatingto the amount of inconsistency reduction they are seeking to achieve
as well aghe amount of alt@tion they are willing to tolerat&urthermorehe approach
seeks to alter judgments in suahvay that the judgments maintaihe original scale
utilised by the DM,henceallowing a DM to more easily discern how their judgments
have altered and ensuring maintenance of the ipitddmentscaleused by the DM
during judgment elicitationThe approach is independent of a speqgfiritization
method, so any method can be utilised to derive a ranking from the Altered Solutions
found, enabling the approach to be flexible to different scenarios and DM preferences.
The approach implements th@Xcale to elicit judgments and theate is utilised within
examples however, the approach could be extended to be used with any bounded scale,
again enabling the approach to be flexible to different scenarios and DM preferences.

Next the stages of the approach are outlined.

4.2.1 Stages othe Approach to reducing inconsistency in PCs

The stages aheapproachshown inFigure4.1, can be summarized as follows:

1. The number of elaents of the problem is defined;
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2. Judgments are elicited from the DM pertaigi to their preferences between the

elements

3. The objectives for the MOO process are selected by the DM consistngafmore
measure of compromise objectivee and one or more inconsistency measure
objectives, see Sectigh2.3

4. The set of objectives atben utilisel within a MOO frameworkto find the set of

tradeoff Altered Solutions between the objectives, see Sedti@12

Problem
Definition
Elicit
Judgments
from the DM

L 3

Objective Selection

Inconsistency Compromise
Objective(s) Objective(s)
Perform MOO

k J

Analysis of Solutions

Analvse of Objective Space
lteratively adding constraints

L J

Sohtion
Selection

Figure4.1: Flowchart ofApproach to reducing inconsistency in a set of PCs
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5. Analysis of the set of Altered Solutionan then b@erformed to aid the DM towards
the selection of a single solution from the set of solutions. @uélysis can be

performedvia:

I.  Gleaning knowledge of the tradeff front of solutions in the objective space
and of the nature of the inconsistency reduction and the compromise to
facilitate it. Inspectiorof, and comparisons betweghe solutions found can
be performed to aid a DM in the sefien of a final solution. Additionally
such analysis of the nature of the tradifront for the problem may aid a DM
in recalibrating their goals as to whate achievable levels of reduction for

various amounts of alteratipn

ii.  Additionally through aalysis of the set of found Altered Solutioca>M can
iteratively add feasible constraints to gradually drill down to aregion of

the objective space to help select a final solytsae Sectiod.2.5

4.2.2 Multi -Objective Optimisation (MOO)

Many realworld problems consist of multiple, frequently conflicting, objectives. One
approach to solvingdOO problems is to weight each objective function and then
combine them together to create a combined single objettatas solved viaingle
objective optimisationHowever such an approach dictates that the weights of each
objective are defined by the DM prior to thptimisationwhich may be difficult for a

DM when they are unsure of their preferesyagardingheobjectives. Furthernore such

an approach reveals no knowledge regarding the relationship and natcoefloft
between the objectivesSingle objective optimisatiotooks to find a global optimal
solutionand thus retrns a single solution to the DM. gingle objectivgminimisation)
probl emds cost shiguréd®:.clLeft. Altesnativdlylthe sbijectizes card i n
be optimised simultaneously. In such an approach there will not be a single sadlu@on

to the conflicting nture of the objectivesinstead a range of possible tramfé solutions

will exist. Without additional information all these solutions are equally prefgtddy.
When evaluatingolutionswith respect to multiple objectives we can distinguish between
them via the notion of Pareto dominand@ée set of tradeff solutions to a multiple
objective problem are terme@areto optimal solutions For each solution any

improvement in one of the objectives will result idecreaseavithin one @ more of the
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otherobjectives of the problem. This set of solutions map out the-t#ideont of the
problem termed thBareto front Solutionscan be compared based upon their dominance
with respect to the set of objectives of the problem. Given 2 individualsd ) :) is
said to dominate if for the set of the objectives O it has a greater objective value for at

least one objective and no worse objective values for any of the other objectives

1y 1) (4.1)

) is said to strongly dominate solutipnif for each objective it has a greater objective

value

/) 0 ) 4.2

Solutions which are not dominated by any other solutions are termedomimated
solutions. The set of neslominated solutionsf a problem represethe Pareto fronof
the problemFigure4.2: Right illustrates thse concepts fortavo-objective minimisation
problem.MOO looks to determine a set of natominated solutions to best approximat

the Pareto front of a problem.

MNon-Dominated
Solution

Pareto solution Dominated

Solution

F f(2)

Solution set

Global Minimum &2
Optimum Solution ™3 -

# /= Pareto front
A1) fl1)

Figure4.2 Left: Single objective problem.ight: lllustrative Pareto dominance

definitions

Theapproach seeks to reduce inconsistency within a set of judgments through modelling
inconsistency measures and altiem to the judgmentsseparate objectivdshosen by
the DM) via MOO. Due to the cditicting nature between objectives of inconsistency

measures and objectives of compromise measures, there will not be a single solution that
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optimizes all the objectivesathera range ohon-dominated solutions will exist. Given
a problem withn elementsand a complete by n PCM of judgments from a DMa
Judgment Set driginal judgment® of cardinalityJ can be selected, containing enough
information to reconstruct the whole of the PCB®Il.can be represented as the upper
triangle of a PCM and then erted as defined in Chapter \Ble seek the set of nen
dominatedAltered Solutionsfor the chosen objectivedVe represent eachltered
solution as a judgment set of cardinalitydenoted ash = & o 8 hd  obtained by

minimising theset of objectives. The MOO problem can be formulated as:

0 Q& RaMG Q (4.3)
where
v O

The set of objectives consists of two sule$s. The first subsét represents one or
more measures of compromise objectives chosen by the tBdMsecond subs&
representone or more measures of inconsistency chosen by the Tbkl.approach
additionally allowsa DM to set constraints both upon tlanount of inconsistency
reduction they are seeking and upon the amount of compromise they are willing to tolerate
in the pursuit of reducing inconsistency. Setting constrapds inconsistency objectives
allows a DM to set bounds upon the amount of insistency permitted withialtered

solutions. Thus a constrainfQupon an inconsistency objective from objective subset

" is defined as:
f O Q (4.9

For example when theddsistency Ratio (CR) measure is chosearasbjective by a

DM they can additionally choose to define a constraint uporugper value of the
objective such as Othusadher i ng t o Sa a thst@ceptabledGMsme n d
should have a CR value noegter than 0.19r any other threshold valus# the DM&
choosingSetting constraints upon measures of compromise objectivesaDdito set

bounds upon the amount of compromise trag willing to acceptto reduce

inconsistency. Given a constraint @fupon measure of compromise objectivérom

objective subseDthe following constraint could be defined:

-0 (4.5)
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For examplewhen the measure of compromise Numberualiginent Rversal{NJR)is
chosen as anbjective by a DM they could additionally define a constraint upon the
objective of 3this way seekingnly to find Altered Slutions with 3 reversalsrdess to

their original jJudgmentsSo, the constraineddOO problem can be formulated as:

0 Q¢ Q&' @5 Q (4.6)
subject to
-0
I 0 Q
for i=1,2,é,p, and ] =

whereE is of sizep andB is of sizeqg.

An illustrationwith one measure of comprae and one inconsistency measisre
shown inFigure4.3. The illustration shows how from an init@figinal PCM a set of J
judgmentss extracted atheinputto the MOQOand an objective space of an inconsisyenc
measure and compromise measure with nalominated solutions is showA.DM may
thenselect anyf these nordominated solutionsom whicha preference vectoanking

can be derivedl'he objectives thare usable within the approaate outlined next.

0 Altered PCM
Original PCM o® N VA
[ 1
y < 2 e 1 1y,
3 >
VA g e g 2 1
1/2 1/4_ 2 E I l
j=1
E w = {0.31,0.41,0.14,0.13)7
O *

.
Inconsistency Measure

Figure4.3: lllustration of MOO approach

4.2.3 Objectivesusablewithin the Approach
The MOO approach utilises one or more measure of inconsistency and one or more
measures of compromise as objectives. Thectibgs that are usable by a DM within the

approach are shown Figure4.4.
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The Consistency Measures Objectives are (for discussion of these see Chapter 2):

1. CR: Consistency Rati¢33]: a measure of the level of cardinal inconsistency
present, prposed by Saaty along with an additional acceptability threshold value
of 0.1;

2. L: An ordinal measure of the number ofvay cycles present within a set of
judgments that additionally considers equal preference;

3. CM: Consistency measurg/3]: a cardinal measure of inconsistency that
considers the most inconsistent triplet of judgments within the whole set;

4. GCI: Geometric consistency Index meadquid: an inconsistency measubased
upon the distance measurements betwsepreferencevector derived using the

GM prioritization method and the original judgments.

TheMeasures of Compromis@bjectives are (fodiscussion of these see Chapter 3):

1. NJV: Number of Judgment Violains a measure of the number of judgments that
have changed

2. TJD: Total Judgment Deviatioa measure of the total amount of change between
each judgment

3. STJD: Squared Total Judgment Deviatica variant of TJD which gives more
emphasis to larger amourdkdeviation to a judgment

4. NJR: Number of Judgment Reversadgsmeasure of the number of judgments that

have been reversed.

Furthermore tackling the problem via a MOO framework allows for additional measures
of inconsistency, say if a new measure isisEy, to be implemented into the approach.
Similarly any further measures of compromise that are defined could also be implemented
into the approach. Additional objective measures would only need to define an evaluation
function to be implementable intoglapproach.

We have defined how we will tackle the problem of reducing inconsistency via

MOO. Next we investigate the implementation of the MOO problem.

86



Inconsistency Measures

DM Judgments

Measures of Compromise

CR\\ » NJV
L. o~ 2
~ i ”
S< S0 - "_.—TJD
CM = = = - MOO " = = — STID
..-""/ N -
"-l' -~ Sy .“'h-
Ga-=- - RS NIV
- ~

New Measure of

New Inconsistency C .
ompromise

Measure

Non-dominated
solutions

Figure4.4: MOO objectives

4.2.4
This section evaluates the use of Mubjective GeneticAlgorithm (MOGA)s to

Implementation Analysis

implementthe MOO approach to inconsistency reduction. After a brief overview of
genetic algorithmsye discuss finding the true solution set to molbjective problems.
Thisis followed by experiments to evaluate the viability of MOGAS as an implementation

strategy.

4.2.4.1 Multi -ObjectiveGenetic Algorithms (MOGA)
For many realvorld operational researcproblems Evolutionary Computing (EC)
approaches can be usedstoiftly arrive d a high qualityapproximation of the solution
[111]. EC approaches make use of rAegaristics to dynamically evolve a solution to a
problem. Genetic Algoritins (GA) take inspiration from the natural biological world
utilizing the notions of natural selection and survival of the fittest as a means of solving
optimisation problems. Computational techniques to exploit these concepts were first
proposed in 197§112] and then first realised by Goldbdiil3] within the framework
of a GA. GAs facilitate simultaneous searching of a wide areaco$t surface and their
population approach helps death complex cost surfaces. Additionally a GA can handle
with ease both continuous and discrete objective variables.

The common stages and operations of a (single objective) GA are shéguia

4.5. An initial populationof individuals is created which is then evolved over many
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generations. The Cost function determines how individuals willeb&uatedand
distinguished with regard® t hei r uti |l i tyfitnesSia ased to melgpi vi d
determine the lik&hood individuals will beselectedo create new offspring for the next
generation. Various methods of selection maytiéesed, see[114] for discussion and
analysis of selection schemes. With the individuals for mating selected, the mating
(crossover process then takes place for the creation of new offspring indivijcseas

[115] for more details on crossover schemes. Addition®llytation, addingrandom
mutations to individuals, is performed to stimulate diversity within the population. Over

many generations these individualslvetowards asolutionto the problem.

No of
/zﬁm
Initialise Evaluat Selection Mutation Next Stoppin Final
Random p| CVELETE »| Offspring e LStoPRINg Ina

Population Generation | Criteria Solution

Population Crossover

Figure4.5: GA general stages

For multiple objective problems a MOGA can tdised. A MOGA seeks to find a set
of solutions that are both as close to the true Pareto front of the problem as passible
well as being as evenly spreawt along the front as possible.

Early MOGAsinclude theVector Evaluated Genetic Algorithm (VEGA}16], an
approach termedulti Objective Genetic Algorithm (MOGAJ117], and theNiched
Pareto Genetic Algorithm (NPGAJ)118]. The performance of these early naive
approaches hdsensuperseded by mossphisticatedecentMOGAS.

More recent MOGAs look to both effectively erpt the solution space but also
ensure retention of the best found solutions so far utilizing the concégtitisfn. This
can be achieved via carrying over superior parents into the next generaitdisedsin
The Nordominated Sorting Genetic Algorithll (NSGAII) proposed if119]. NSGAII
seeks to foster the evolution of a population that gravitates towards the Pareto front of the
problem using Pareto Front Rankingee[120]. Superiormembers of the previous
generation are carried over into the next generation ensuring the tesiuals are
retained. The final solution set (only) nondominatedsolutions igpresented to the DM.
However here is no way to control the number of final solutions that are presented

Alternatively elitism can be achieved via the use of an exteapallation in the form
of an Archive [121] that can retain the best solutions found scafawell asallow the
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main population to concentrate upon exploring the solution spag&ermorean archive
can provide additional flexibility by allowing a DM control over the size of solution set
presentd to the DM The Strength Pareto Evolutionary Algorithm 2 (SPEp&)posed
in [122] utilises an external archive whoselutions can be presented to the DM as the
final set of solutions. At each generat.
respect to Pareto dominanieg calculating the raw fitness value of each individsek
[122]. The higher the fitness valuthe higher theprobability thatan individual will be
selected as a parent of the next generat
filled with the best raw fitness individuaky may contain nedominated and dominated
solutions (when less nestominated solutions than the archivegsre found). Thigives
control of the exact number of solutions that will be returhesever he final archive
may contain both nedominated and dominated solutions.

Thereforealternativelya MOGA with an archive which only contains rdominated
sdutions such as th®lulti-Objective Cellular Algorithm (MOCell)123] would allow
only nondominated solutions to be presented to a Bdwell as give the DM some
control over the number that are returnedMOCell the population is structured into a
two-dimensional grid and individualseaonly permitted to mate with those individuals
close to them in the gird, this way imposing restrictive mating. Created offspring that
dominate a parent replace the parentsrposition in the grig123]. Furthermore after
each generation a defined number of solutions from the arelnév@dded to random
positions in the population replacing the individualshoselocatiors. MOCell gives a
DM control of the maximum number of solutions that may be returned, all of which will
be nondominated

Other recent MOGAs include th&rchive-basedhYbrid Scatter Search Algorithm
(AbYSS)[124] thatutilises princiges from both NSGAIl SPEA2, and scatter seafdte
large number of parameters of AbY&& make finguning thealgorithmto the problem
at hand a complex tasRareto Envelope Selection Algorithm 2 (PESAR)5] utilises
regionbased selection and employs adaptive grid crowdiaggaure to ensure a spread
of solutions see[126]. An archive is additionally employed and at each generation the
population is replaced by indduals from the archive which dictates that the archive
needs to be a significant size adomparison to the populatidb9], giving a DM less
control overthe size of the archiv@he Indicatoftbased Evolutionary Algotim (IBEA)
[127] looks to give a DM moreontrol over its operation through usibiM-specified

indicators to determine selection precedencéwéen solutions, integratinddM
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preferencanformation into the operation. Howevevithout making use of an archive
the number of solutions presentedhe DM is not controllable.

To highlight some points from this discussion within the implementation
experimentation that folles, the NSGAIl, SEA2 and MOCellalgorithms will be

evaluated.

4.2.4.2 True Solution Sets

For multrobjective problems with discrete input variable ranges there exrsts Rareto

front of nondominatedsolutions. This true front can be found via an exhaustive (Brute
Force) seah of every possible sequence of input variables to the problading atrue

front of a problem can heli facilitate evaluation of the quality of solution sets found
from heuristic optimisation approaches such as MOG#s the problem of alteringset

of judgments looking to reduce the inconsistency within the judgments the order of the
judgments is significant, each judgment can take any valuetfrestale and multiple
judgments can have the same valllgerefore we think of the problem as a petation

with replacement problenif.we consider the-B scale (which has 17 possible values for
each judgment) then the total number of possible solution sequences for a problem with

Jjudgments is.

Y pX 4.7)

Therefore for such an NPRard problem it will quickly become unwieldy and

computationally expensive as the number of elements increase, as shiatbieihl.

Table4.1: Exhaustive search sequence complexities

N | J Sequence Count Standard Form
3 3 4913| T wpopTt
4| 6 24137569 c8 p p T
5| 10 201599390044Y ¢8tp p ™
6| 15 286242305150981579 c& @ p T
7| 21| 690919339130087328808272| @dop p T

However we can calculatbe true front®f problems with smadir values of N to analyse

how successful MOGAs might be at finding an approximation of thdroaés To help
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to explore the suitability of MOGAs to implement the approach toconsistency
redudion via MOO we haveimplementedan exhaustive search which we can compare
with solution sets found vilOGAs. To evaluate solution sets found via MOGAS various

evaluation measures have been proposed and are briefly outlined next.

4.2.4.3 MOGA evaluation measures
Unlike a single objective optimisation problemhere different algorithm solutiorsn
be compared with respect to how close to the global solution eactedasedthe
evaluation of a set of nemominated solutions found from a MOGA is less
straightforvard. Various measures have been proposed to evaluate the quality of solution
sets found

Thetrue Pareto fronbf nondominated solutions can hailised to see how well a
stochastic approximation of the front created via a MOGA has performed. To help
illu stratetheevaluation measures ledtake awo-objective minimisation problem which
has arue Pareto Frordf six non-dominated solution$\s an example, & compardour
solutionsthat have beefound from an approximation methagjainst the six solutics
of the true frontThis true front and the found front are showifrigure4.6.

fl1) x (1)

fl2) f2)

Figure4.6 Left: Example tue front Right: Example found front

We can measure th®enerationaDistance (GD)128] of the found solution sét
which is a measure of the distance between each found solution and the nearest true
solution. Alternatively we camnitilise the Inverted Generationifance (IGD) [128]
which is a measure of the distanoetween each true soluti@nd the nearest found
solution. Evidently the IGD will penalise more a solutgeithat fails to locate enough

of the true front of solutions so is considered a measure of both Pareto dominance with
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some consideration of spread solutions GD is considered a measure of Pareto
dominance only, as a solution set that only finds a single solution that lies on the true
front of solutions will have a GD of Both measures ar@mputationdl efficient even

for a large number of olgéve problems. The Spread mefd 9], is a diversity measure

of how wel |l a problembés front halgspleagen m
an approximation set mith additional considerationf how close to the edges tfe

front a solution set has discoverege119]. Thesehreemeasures fathe synthetictrue

front and solution set are shownRigure4.7.
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Figure4.7 Left: GD, CentrellGD, Right: Spread

An alternativemeasure is thelyperVolume (HV)measurdg121], a more complete
measure of both Pareto dominance and spread. Using the @fdtes true front of
solutionsa perpendicular reference point is determined, then the unions of the hypercube
areasthat each solutiorrovers is calculated as a volume.isTkvay we measure the
percentage of the volume of theué¢ front volume that a solution set has fdund
Hypervolume is a useful measure of both pareto dominance and spread however as its
calculation is NFcomplete[129] it becomes a timeonsuming evaluation measure for
problems with large numbers of objectivelypervolume can also be used as a measure
of convergence speed. Given that a true front represents H30%overage, we can
assess the percentagerdf atregular intervals of MOGAO s 0 p.eThea tveé cam
determine how many generations or evaluations it takes the MOGA to reach close to
optimal solutioms, for example 98% hypervolume. MOGA can thenevaluatedwith

respect to how quickly they can convetgea close to optimal convengee of the front

4 Within the experimentation as th@oblems are dealing with minimisation objectivesersion of the
frontsis performed. Additionally as objectives different measurement scalae utilisednormalisation
of fronts is performedo standardiséhe objectives rares.

92



of the problenj130]. The visualisation of the hypervolume measurdtiesynthetictrue

front and solution set are shownHRigure4.8.

f1) * i f1) fl1) *
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Figure4.8 : Example hypervolume calculation

We will utilise these measures to evaluatdution sets found via MOGAs agat
true fronts for a problemrhese evaluation measures will be used to feo#tat an N=3

problem.

4.2.4.4 N=3 Exhaustive SearclEvaluation

Given an N=3 probleme can elicit judgnents from a DMasshown as a DAG iRigure
4.9.

4

Figure4.9: N=3 exhaustive search example

With objectives of STJD and CR, we catilise theexhaustivesearch implementatico
find the true front of solutions for thisdbjectiveset From this we fd there are 24
solutions that make up the true frpttie objective space o¥hich is shown inFigure
4.10, (with Saatyods CR 0.1 t hr e sWeochndthers h o wrn
evaluate the performance RIOGAs throughmeasuring the Hyper Volume Percentage
(HV%), Generational DistandgD) and Inverted Generational Distan@&D) of the
foundsolution sets. The evaluation measures averaged over 1foriNSAGII, SPEA2
and MOCellare shown imable4.3. The full parametenssedfor each MOGA are shown
in Table4.2.
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Figure4.10: N=3 exhastive search example true front

Table4.2 : MOGA Setup parameters

NSGAII SPEA?2 MOCell

Population size 100 100 100
No. of evaluations 5000 5000 5000
Selection Binary- Binary- Binary-

Tournament  Tournament  Tournament
Crossover single point single point single point
Crossover
probability 0.9 0.9 0.9
Mutation Bit flip Bit flip Bit flip
Mutation
probability 0.01 0.01 0.01
Archive size - 25 25
Neighbourhood size - - 8
Feedback - - 10

We see thabn averagall 3 of the MOGAs arable to fird solution sets that are very

close to the true front in terms of th&/% as well as havinpw GD and IGD values.
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Table4.3: N=3 Example: MOGA Evaluation

MOGA | Evaluatons HV% GD IGD
NSGAII 5600( 99% 025 0.32
SPEA2 5600( 99% 028 0.43
MOCell 5600( 99% 027 0.40

Here 5k evaluationgere performedor each MOGA we can additionallyanalyse

performance and stability over a range of evaluations sthes obtainingn idea of the

average rate of increa of quality and stability of IOGA. Figure4.11 shows analysis

of the MOCellIMOGA across a range of evaluation valuesm 100up to 25k, showing

the averagddiV% and the standard deviati@verageover 10 rundor each evaluation

value.
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Figure4.11: N=3 Example: Average Hypervolume % and stability

We see thaviOCell achievas a close to optimal solution (and one thatasy stable)

with a relatively small numdr of evaluations (around 300(Furthermore we observe

that for evaluations greater than 5k we see less improvement in performance and that it

takes Pk evaluations before we see the true front perfectly found with O deviation over
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10 runs.This highlighs the power oMOGAs to rapidlyfind a close to optimal solution.
This efficiency gets more pronounceath increasingcomplexty, we look next at an
N=4 problem.

4.2.4.5 N=4 Exhaustive Searcltvaluation

Given anN=4 problem we can elicit jusigents from a DMshown as a DAG irFigure
4.12.

Figure4.12. N=4 Exhaustive Search Example

With objectives of STID and CRie determine th&uefrontof solutions to the problem
viatheexhaustive searchingplementation. Wheh=4 over 24 million evaluations are
requiredto determine thé&rue frontthrough exhaustive searchirfgrom this we find that

there are 123 solutions that make up the true ftbetobjective space of whighshown

in Figure 4.14: Right. Visually analysing true fronts allawinteresting observations
regarding inconsistency reductitmbe made. & examplehereas with the last example,

we see thafor edge of therbnt with CRmeasureclose to Qinconsistency reduction
requires a large increase in the compromise objective, here STJD. Analysis of the front
by a DM in this way is useful teeveal,in this casethat seeking to completely remove

inconsistency will benuch more costly thaseekinga near to 0 inconsistency solution

We analyse solution sets found from MOGAs against the true front of solutions for
the problem.Figure 4.9 shows the evaluation average measures 4@ runs for the
NSGAII, SPEA2 and MOCell MOGAs, (using the parameters fiiahle 4.2 with the
exceptions of an archive size of 125 set for SPEA2 and MOCell, and a population size of
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125 for NSGAII). As with therevious example we see that all the algorithms have been
able to find close to optimal approximations of the true front with each achieving an
average hypervolume of over 98%.

Table4.4: N=4 Example: MOCell Evaluation

MOGA \Evaluations HV % GD IGD

NSGAII 56001(986% 0.113 0.280
SPEA2 56001(988% 0.148 0.299
MOCell 56001(985% 0.124 0.313

When N=4we have a much largerint of norndominated solutiond,23 which will
only increase for larger size$ N. Thishas some practical impations upon the choice
of MOGA. MOGAs without an archive, such as NSGAII, are restricted by their
population size as to how many ndominated solutions they can finas well as being
unable to control the number of gtibns that are presented to a DMcreasing the
population size to try to alleviate this is impractiéad higher values of Nas it will
increase the number of evaluations per generation. MOGAs that implement an archive
can define a large archive sizedsstill retain a smaller population sitéoweverMOGAS
such as SPEA2vhose archive strategy is to fill the archive after each generdiish (
nornrdominated solutions found are addbdnthe remaining space fdled by the least
dominatedsolutions bund, might result in nordominated solutions being presented to
a DM. Converselysing a MOGA such as MOCalthich employs & archive that only
stores the nowlominated solutions found so fgives a DM control over the maximum
number of solutions retued and ensures only nalmminated ones are returned
Therefore using MOCell to further analybes problem we again analygerformance
over a range of evaluatiomles from 10@o 25k,the averages over 10 runs of which are
shown inFigure4.13. Again we see that after only a few thousand evaluations we achieve
high performance and stable results, with performance increases tailing off with higher
evaluation values. So we see that we can achieve an average of over 98% peeforman
with only 5,000 evaluations, which is 0.02% of the number of the evaluations of an

exhaustive search.
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Figure4.13: N=4 Example: Average Hypervolume % and stability

The results from a MOCell run for thproblem arshown inof Figure4.14: Left (with
the large archive defined highlighting the front to show visually that the MOCell has

achieved a close approximation of the true front).
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Figure4.14 Left: N=4 Solution set found via MOCelRight:N=4 true Front

4.2.4.6 Implementation AnalysisConclusions
We haveutilisedexhaustive searching émalyseproblems where the number of elements

is 3 or 4. However wheN=5 (andJ is 10) the exhaustive search complexity jumps to
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p X =2015993900449 which would result in taking83521timeslonger than an K4
problem (f an N=4 problem took hour to run then an N=5 problem would take over 9
years to complejeHowever from theexperimentations we have seen that MOGASs are a
viable implementation strategy that will allow us to find a close to optimal solution in a
fraction of the time of exhaustivaearching. For an N=5 problem usiayOGA with

25k evaluationsvould require only0.0000012%6 of the evaluations of aaxhaustive
search and thisfficiencybecomes even more pronounced for larger values BbNthe
choice of MOGA the experimentation showed all the MOGAs tested achieve high
performance and all are usable within thprapch. However adiscussed, MOCell has
advantages for a DM to control the maximum number of solutions returned via its archive
and ensuring only nedominated solutions are presented to a DM. Therefore MOCell
will be utilised within the examples presethtiater. Next constraints and how they are

implemented within the approach are discussed.

4.2.5 Constraints
For problemssuch as reducing inconsistency within a set of judgments as well as seeking
to find the set of tradeoff solutions additional consideratiomeeds to be given to
ultimately helptowards selecting &ingle solution from the set of nalominated
solutions [131]. Support towards aidigp the selection of a single solutionay be
incorporated before the searcBuch approaches generally attach weights to the
objectives before the search process, [482]. Thesestrakgies assume that such
preferences are known and clear from the start of thelgerg which is rarely the case
Through implementationf the problem viaMOO the approach malseno assumptions
about weights fobjectives before the process.

Alternativelysuypport towards the selection of a single solutizay beincorporated
in a more interactive way through utiliziegnstraints expressimp M6 s t ol er anc e
to reduce the size of the objective spaceamls areas of interestThis could help
facilitatetheselectiorof a single solution through iteratively reducing the objective space
size. Within MOGAs constraints can be tackled throughrious strategies such as
discarding infeasible solutioneeducing thditness of infeasible solutions or repairing
infeasible solutions to be feat, sed133] for a review. Dscardinginfeasible solutions
could result in solutions of high quality Pareto dominance that are only just infeasible
being lost. Strategies to repair infeasible solutions introdddedacomplexity regarding
defining repair functions. Therefore in the approach we seek to implement constraints via

reducingthe fitness of infeasible solutions to push the population towards the feasible
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region of the objective space, and in addition hsuging that only feasible solutions are
added to the archive. We consider any constraints for a problenmfitet evaluation
processo favour feasible individuals over infeasible solutions and penabsstrant
violating solutions The approachmplementsthe Constrained Pareto Dominarjié&9]

as defined for constraint handling in NSGAII. Here each constraint is considered during
the lection stage utilizing the extra constraint information in the binary tournament
selection operation. In binary tournamesgection a pair of solutions arandomly
selected and théttestof t he pair iIis selected to be
individuals. With additional constraints the pair of solutions are additionally evaluated to
determine if they are feasibta not If both individuals are feasible then their Pareto
dominance is compared as norpfabure4.15: Left. If one solutions feasible and one
infeasible thenhe feasible one is chosen, $agure4.15: Centre If both solutions are
infeasible then the solution thattlse least infeasible is chen, seé-igure4.15: Right
Thus

individuals towards the &sible area of the Pareto front. The approach additionally

feasi ble solutions are favoured ove

implements &ard constraint upon the archive to only allow feasible solutions to be added
to the archive, this way ensuring that only feasible solutions will be presented to the DM.
This additionally enhances the feedback operation of MOCell as only feasible solution
will be fed back from the archive into the population helping to further steer the
population towards the feasible region of the objective space.
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Figure4.15: Constrained Pareto Dominandering 2-Objective minimisation

In the approach constraints can be utilised in an interactive iterative manner. An initial
search of the objective space can reveal to the DM the nature of the objective space
regarding inconsistency reduction for their chosen objextiméormed by the knowledge

of the objective space a DM can then set feasible (and achievable) constraints to the
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problem. Constraints can then be iteratively added to drill down into the objectivé space

to aid the DM in the selection of a single solatio

4.2.6 Approach to the reduction of the inconsistency of a set of PCs

Discussions
We have outlined the rationale for the approach to the reduction of the inconsistency of a
set of judgments and outlined the stages of the approach. The MOO definition of the
problem has been presented along with the objectives usable in the approach. Through
comparisons against true fronts of problems the suitability of MOGAs has been shown
al ong with di scussions o f di fferent MO C
implementedwithin the approach has been discussedhe next section the approach
and its benefits are explorédatough examples and comparisons to other approaches.

4.3  Experimentation Examples

In this section, stepy-step examples dheapproach are presented.

1. Example4.1l exploresa PCM takerfrom [81] andcompares the approach to that of

other approaches for inconsistency reduction;

2. Example4.2 takes &CM with high levels of both cardinal anddoral inconsistency
and explores how the approach is flexible to allow a DM to use different inconsistency

measures to suit their preferences;

3. Example4.3illustrateshow a DM can iteratively addonstraints to aid in selection

of a single solution;

4. Example 44 explores usingnultiple inconsistency objectives simultaneously and

using multiple measures of compromise simultaneously

For these exaples the MOCell algorithm wastilised with the following parameter
settings: population size of 100 (XQLO grid); maximum evaluations count of 25,000;
Selection is performed via binatyurnament with single point crossover (with crossover

probability 0.9) and bit flip mutation (with probability 0.01) employed. The size of the

5 Constraints can be added as part of a new search utilising the constraints with the operation of the MOO
search however theganalso be added to a set of found solutions to simply slice up the objective space of
the solutions without reearchingfithat meets the DBI preferences.
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archive is definable by the DM and stated in each example (with the feedback value set

to 25%of the size of the archive).

4.3.1 Example4.1: Comparison against other approaches

Example4.1luses a8 element PClshown inTable4.5, taken fron{81] andusedduring
previous approachgsoposedy Xu and Wei[81] and by Cao et a]82]. The initialCR

is 0.17, thus greater th&ha a t0.§thredold of acceptancéBothapproaches then look
to derive amaltered PCM solution which has CR value less than\W4 . .utilise their
solutionsfor comparisoragainstthe MOO approacho inconsistency reductidior this

problem

Table4.5: Example4.1: [CR: 0.17]

1 2 3 4 5 6 7 8
1,1 5 3 7 6 6 13 1/4
2(15 1 13 5 3 3 1/5 17
3/]1/3 3 1 6 3 4 6 15
411/7 1/5 1/6 1 1/3 14 1/7 1/8
5(1/6 1/3 1/13 3 1 12 1/5 1/6
616 13 14 4 2 1/5 1/6
7/3 5 16 7 5 5 1 172
8/ 4 7 5 8 6 6 2 1

Tackling this problem with the MOO approach givel-chosenobjectivesof CR and
TJD and an archive size of Itigure4.16 showsthe objectivespaceof solutionsfound

TheCR threshold D0.1 is slown via a dashed vertical line.
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Figure4.16. Example4.1 Solution Space

The DM is then free to review and select any of the 10 solutions féondistance, the

DM could select thdirst soluion along the Pareto front with a CR value less than 0.1,
identified via a dotted circlen Figure4.16, the PCM of whichs shown inTable 4.6.

From this a DM hasa soluton with CR less than 0.1 aral meaningful measure of the
amount of alteration to reach thisrom the TJD value of 7, the DM sees tffascale
steps of compromise occurred to find this solutidaditionally in Figure4.16 we have
plotted the solutios found for this problem fronthe Xu and Wei, and Cao et.al
approacheghe PCMs of which are shown Trable4.7 andTable4.8 respetively. We

see inFigure4.16 that both of these solutions are dominated by solutions found via the
MOO approach with respect to the amount of deviation the original judgments have
undergone. Additionallyrbmthese solutions we see it will bmore difficultfor aDM to
discern how their judgments have changedhe solutions contain values outside of the
originally used scaléNe calculate a deviation measuoe these solutionbased upon
thefractional amounof scalestepsthateach modified judgmeritasundergone, the sum

of which is used to plothesesolutiors within the objective space iRigure4.16. For

example takingthejudgment between elements 3 andor theXu and Wei solutionn
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Table4.5 andTable4.7, we seehejudgment of 6 has changeddgudgment of 4.155,

which in terms of scale steps we cafcakate as 1.845 stepSimilarly for fractional
judgmentswve can determine the deviati@gain as the amount of scale steps that occur.

For exampletakingthe judgment between elements 3 antbBtheXu and Weisolution

from Table4.5 andTable4.7 we seghejudgment of 1/5 (0.2) has alteredd@49 which

in terms of scale steps represents 0.8&ps. These exampdieviation calculationare

shown visually inFigure4.17. We can calculate the total deviation of these@ p r oac h 6
solutiors as 14.219%or Xu and Wei and 15.68r Cao et alpoth of whichare greater

amounts of deviation than the solution selected from the MOO approdelbled.6.

Table4.6: Example4.1 possible solutiorJR: 0.08 TJD: 7]

1 2 3 4 5 6 7 8
1] 1 5 3 7 6 6 1/2 1/2
215 1 13 5 2 3 1/5 1/7
3113 3 1 6 3 4 3 1/5
4| 1/7 15 16 1 /3 14 17 1/8
516 1/2 13 3 1 1/2  1/5 1/6
6|16 1/3 1/4 4 2 1/5 1/6
70 2 5 13 7 5 5 1 1/2
8| 2 7 5 8 6 6 2 1

Table4.7: Example4.1 solution from Xu and We[81] [CR: 0.097 TJD14.219

1 2 3 4 5 6 7 8

1 4524 2339 7.523 5.888 5.686 0.425 0.292
0.221 1 0.326 4.516 2671 2.580 0.222 0.147
0.427 3.067 1 6.749 3.460 4.188 4.155 0.249
0.133 0.221 0.148 1 0.373 0.287 0.134 0.104
0.170 0.374 0.289 2.681 1 0.561 0.197 0.147
0.176 0.388 0.234 3.479 1.784 1 0.204 0.153
2.354 4.497 0.241 7.479 5.073 4.899 1 0.501
3.419 6.786 4.024 9.624 6.783 6.551 1.996 1

0 N o 0o A WDN P
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Table4.8: Example4.1 solution from Cao et §82] [CR: 0.099 TJD15.63

1 2 3 4 5 6 7 8

1 44412 2.3682 7.6743 5.8559 5.6079 0.4201 0.2968
0.2252 1 0.3210 4.4224 2.6175 2.5392 0.2268 0.1486
0.4223 3.1151 1 6.9149 3.5351 4.2774 4.5105 0.2487
0.1303 0.2261 0.1446 1 0.3805 0.2927 0.1313 0.1030
0.1708 0.3820 0.2829 2.627/8 1 0.5722 0.1960 0.1444
0.1783 0.3938 0.2338 3.4166 1.7478 1 0.2055 0.1494
2.3804 4.4099 0.2217 7.6136 5.1012 4.8661 1 0.5004
3.3689 6.7293 4.0215 9.7130 6.9235 6.6949 19984 1

0 N o o0 A W DN P

19 4, 1, 1y 171, 1,1, 1, 1 2 3 4 5 6 7 8 9
Judgement {9{8{7{6{5 /4/3ulellll"'l

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
i s
R T T L e T T T o,

0.2 > 0.249 =0.976 6 >4.155=1.845

Encoding
Mapping

Figure4.17: Example deviation calcation outside whole scale step

4.3.2 Example4.2: Inconsistency Measures

Next we present amxample with high initial levels afardinal and ordinahconsisency

and illustratehow different inconsistency measued a D M6 scanddutdiseds i n g
within the approachA PCM for a 9 element problem is shownTable4.9, the initial
inconsistency measure are CR: 0.769, CM: 0.99 and GCI: 50.8.

To seek inconsistency reduction a DM can choose an inconsistency measure of their
preferenceFor exampleif the DM seeks to reduce cardinal inconsistency and wishes to
utilise the CR measure they can select CR as an obge@iven furtherthat the DM
choosesSTJD as a measure of compromise objectaved an archive of size l@he
solution space is shown Figure4.18: Left. From this we see that a large amount of
alteration is reqed to find a solution which is below the CR threshold of 0.1
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Table4.9: Example 4.2udgments

1 2 3 4 5 6 7 8 9
1/ 1 1/8 1/3 17 1/3 8 1/9 1/4
2| 8 1 5 1/2  1/3 4 3 7 5
3| 3 1/5 1 2 1/2 1/6 7 7 1/9
4| 7 2 1/2 1 1 5 2 2 1/9
5/ 3 3 2 1 1 6 5 6
6| 1 1/4 6 1/5 1/7 1 2 1/6
7|18 1/3 1/7 1/2 1/6 1/2 1 1 8
8| 9 17 17 1/2 1/5 6 1 1/8
9| 4 1/5 9 9 1/6 1 1/8 8 1
-k N

Consistency Ratio Number of 3 way Cycles

Figure4.18: Example4.2 Left: CR andSTJD objectives Right: L and STJD objectives

Alternativelyif a DM seeks taeducethe number otycleswithin their judgments, thus
being mordnterested in ordinal inconsistency reductitthren they can instead choose L
as an inconsistency objectiv@iven again that the DM choosé&TJD asa measure of
compromise objectivand an archive size of 10 the solution spieend is shown in
Figure4.18: Right. From this we see the shape of the objective spex®sshe range of
values of Lfor the minimal amount of STJD. &bbserve a tge jump in the amount of
alteration to reduce the number of cycles from 4 to 3 and again to reduce the number of
cycles from 1 to 0. Such analysis of the objective space can helpta ididerstandhe
nature ofthe inconsistency measure for their judgments and naakeformed choice
regarding reducing inconsistency.
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Converselyif a DM is concernedvith reducinginconsistency vidooking to reduce
the largestinconsisteh judgment tripe then the CM can instead be chosen as an
inconsistency objectiveGiven again that the DM chooseSTJD as a measure of
compromise objectivand an archive size of 1fhe solution space found is shown in
Figure4.19: Left. From this objective space we observe the convex nature of the front for
this objective paft We observe that there is little reduction in CM towards the edge of
the initial judgments yet, at the other edge of the front larger decreases ie @theaved

for lower amounts of compromise.

- ® - Tnitial DM Set ® : Initial DM Set
X X - Altered Set X - Altered Set

DMI1STID
DMI1STID

5.00 40.00 45.00 50.00 55.00 60.00

Consistency Measure Geometric Consistency Index

Figure4.19 Example 4.2 LeftCM andSTJD objectivesRight: GCl and STJD
objectives

Alternatively if a DM instead wishes tdilise a distancéased inconsistey measure
of the distance between judgments and a derived preference vectoihe¢h@lcan
instead be chosexs the inconsistency measurée solution space withTJDas measure
of compromiseobjective and an archive size of 1@ shown inFigure 4.19. Right.
Additionally plotted as a vertical dotted linetlee GCI threshold measui&] (0.37 when
N>5). From this plot andrigure4.18: Left we see the strong relationshiptiveen CR
and GCI as demonstrated[i2].

This example shows how the approach is versatile to the preferences of a DM
regarding how inconsistency will be defined and measured in their judgments.
Furthermorewve see how the approach allows for knowledge of dtara of the trade
offs involved in the problem to be revealed to the DM.

6 Additionally from this plot we observe thatsolution with zerpor close to zer€M has not been found.
Furtherinvestigations could analysis further the objective and its properties to examine this.
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4.3.3 Example 4.3: Interactively adding constraints

Our third example explosehow interactive analysis ofan objective spaceahrough

iteratively adding constraints can aid a DM in thi&eston of a single solutionDM

judgments fora 5 elementproblem and a preference vector derived with the GM

prioritization method arshown inTable 4.10 along withthe initial CR inconsistency

measure.

Table4.10: Example4.3 Judgmers [CR: 1.08]

1 2 3 4 5 w
1( 1 8 6 1/2 1/5 0.25
2| 1/8 7 2 7 0.30
3( 1/6 1/7 1 5 1/2 0.10
41 2 /2 1/5 1 1/2 0.12
5[ 5 1/7 2 2 1 0.23

ThengivenaDM choose®bjectives ofTJD and CRand an archive size of 1ddinitial

objective space is shown kigure4.20.

DMI1TID

® : Initial DM Set
X - Altered Set

35.00 X
30.00
X
25.00
X
20.00 X

15.00

10.00

o e o e e o e o e e e m e e e e e e e Ee e e e E Ee oy

Consistency Ratio

Figure4.20: Example4.3 Soluton Space. CR and TJD objectives
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From this theDM can get an overview of the objective space and the nature of the trade
offs between the objectives over the front for the problem, helping them to then add
feasible constraints. For example, the DM might conjecture that it is feasible to seek a
solution whose CR value is less than 0.1, so set®mstraint upon CR to only find
solutions with CRof 0.1 orless Additionally to focus upon this area they increase the
archive size to a maximum of 20 and perform the search with these new parameters and
constaint. Theobjective space witkhis added constraint is shown kigure4.21: Left

with the constraint edge shown as a dotted red line. From this constrained objective space
the DM might further conjecturtdat the amount of dewiian increase past 20 then yields

little further reduction in inconsistencyhereforehey could decide to add an additional
constraint upon the upper amount of deviatiohgdess than 2&6¢ 19or less) The new

constrained objective space with thisstraint added is shown Fgure4.21: Right.

X

X

DMI1TID

DMITID

0.40 0.60 0.80 1.00 1.20 0.20 0.00 0.20 0.40 0.60 0.80 1.00 1.20

Consistency Ratio Consistency Ratio

Figure4.21 Left: Example 4.3 Objective Space with CR constraint. Right: Example 4.3

objective space with CR and TJD constraints

From this second constrained objective space the DM can observe tharelya®
solutions, with TJD values 18 and 19. The DM taen analyse these solutions, shown

in Table 4.11, along with thetrveal aasd oOheithepr
rankings of the el ements (here derived
analysing these solutions the DM can cl eec
solutions, and that batnh thave ioncedoms9 G % em
with regard to the ordinal rankings of
judgments preflerheamge Vhedbtedbrwmeamlrdad4ement s

both solutions.
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Table4.11: Example4.3 Constrained objective space solutions

TJD:18 CR:0.085 TJD:19 CR:0.058
1 2 3 4 5 w 1 2 3 4 5 w
11 1 6 1 1 024 1|11 1 6 1 2 0.27
211 1 v 2 7 041 2(1 1 7 2 7 040
3(16 1/7 1 1/2 1/2 006 3|1/6 1/7 1 1/2 1/2 0.06
41 2 2 1 1 016 4(1 122 1 1 0.16
5/1 172 1 1 013 512 1/7 2 1 1 011

From anal ysi s ¢ hDeM hmasy 0 nsfodtchified enls®Oh abo | ul
thaeddi ti onal reducs$iwortih i heoaddlgetriedooygle
the solution with inconiseslksdseric.y of CR 0.

4.3.4 Example 44: Larger objective sets

The approach is not constrained to using objective sets of size 2, in this example we
illustrate how a DM can chose larger objective sisiag the judgments from Example

4.3 inTable4.10to illustrate thisA DM could utilise multiple measures of compromise
simultaneously, for example, they could choose to use 3 objectiveR ahd TJD and

also NJV. The approach will look for Altered Solutions with low CR values and with
minimum deviation but also look to minimise the number of judgments that change. The
3-dimensional objective space for thimBjective set with a large archive size defined to

hdp emphasise the nature of the front is shown with respect to CR and Nriyune

4.22: Top Left. From this we observe a pattern within the objective space of multiple
solutions with the same NJV value but varidesels of CR; these are solutions
representing increasing levels of deviation for the same amount of NJV. We see also that
as CR tends towards O at one edge of the objective space the range of CR values for
solutions with the same NJV value decreasesMAdould additionally perform analysis
between the measures of compromise, for example the salimeeBsional objective

space shown this time with respect to TIJD and NJV is shoWwigure4.22: Top Right.

From thiswe see more clearly the relationship between the measures of compromise for
this set of judgments. We see that there is some relationship between the measures yet for

higher amounts of compromise this relationship appears to weaken.
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Furthermore a DM couldtilise multiple measures of inconsistency simultaneously. For
example, say a DM chooses 3 objectives of, CR and L inconsistency measures and the
TJD measure of compromise. This time the MOO will look to reduce both cagshdal
ordinal inconsistency sinttianeously.The 3dimensional objective space shown with
respect to L amh TJID is shown irFigure4.22: Bottom Left. From this we see a large
number of solutions which have all ordinal inconsistency removed butawitimge of
different deviation measures. Additionally a DM could perform analysisthef
relationships of the inconsistency measures for this objective apsitewn with respect

to CR and L irFigure4.22: Bottam Right In this view of the objective spaoe see how

the objectives both converge to 0 inconsistency solugbrane edge of the objective
space. ldweverwe also observe theutline of 2 arcs of solutions from the initial
judgmentset edge of the fronto a solutionwith all inconsistency removeddge
highlighted as dotted red arcs on the plot. This highlights the diffem@phase®of
objectives of cardinal and ordinal reducti@and the importance of flexibility to allow a

DM to decide upon how incoistency reduction will be measured.
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Figure4.22: Example 4.4Additional ObjectivesSolution Space analysis
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4.4  Conclusions

In this chapter we have presented a new approach to reducing inconsistency vathin a s
of PC judgments via a MOO approadhie have defined and discussed the stages of the
approach, along with the objectives that are usable without the approach. The suitability
of MOGAs to implement the approach has been demonstrated. Multiple examples
comparing the approach to other approaches and highlighting the advantages and
flexibility of the approach have been presented. dygroach lookto optimally reduce
inconsistency within a set of judgments through modelling inconsistedeyctionand
measuing alteation to the judgmentas separate objective® find a set of tradeff
solutions between the conflicting objectives. The approach initially implements®he 1
scale but could be extended to utilise any bounded scale. For all solutions found, any
prioritization method can be utilised to derive a preference vector. The approach gives a
DM control over thetype of inconsistency reduction to sea& loth cadinal and/or
ordinal inconsistencyneasuregan bechosen as objectives. The approach alsesgev

DM control over how altetion is measured to meet their needs the measures of
compromise. Using the measures of compromise additiorralps aDM glean
understanding of thalteration involved and knowledgéthe tradeoffs involvedhelping
fadlitate traceability and sensitivity analysig.he approach seeks to alter judgments in
sucha way that the judgments maintain the original satiised by the DM,thus
allowing a DM to more easily discern how their judgments have alté&iezl approach
additionally allows a DM to set their own constraintslating to the amount of
inconsistency reduction they are seeking to achésvevell as the amount of aléion

they are willing to tolerate.

In this approach we have seen how MOO can be utilised teintbe conflict
between objectives or alteration and objectives or inconsistency reduction, to find altered
judgment sets that look to minimise these conflicting objectives. Similarly when pairwise
comparisons are utilised for group aggregation a consaeasought between the DMs
which, when conflicting views are present between the DMs, will result in some
compromi se between the DMsO6 vVviews. Ther
inconsistency reduction for a single DM, in the next chapter we prasesgpproach to
the aggregation of mul tiple DMs6é judgmen
through employing the measures of compromise to model as separate objectives the
amount of alteration each DMO6s | agiaqugment s

consensus.
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Chapter5 Group Aggregation of Pairwise
Comparisons Using MOO

In this chapter we present a new approach toggesgation of PC judgments of a group

of DMsvia MOO. After a discussion of the problem and overview of the rationale of the
appro&h with comparison to previous approaches, an overview of the stages of the
approach is presented followed by an outline of the objectives that are usable within the
approach. Next we present the various analysis the approach facilities to aid a group of
DMs towards the selection of a single consensus solution. This is followed by examples
of the approach including an example of the approach utilised within a group AHP

decision. Finally conclusions of the approach are presented.

5.1 Aggregation of PC judgmentsof a group of DMs
For many realvorld decisions the opiniaof multiple DMsare utilised, either to avall
of their combined expertise or to incorporate conflicting views and experiences. In both
cases there may be a level of disagreement and varianceeetine DMs, making the
process of synthesising t huiliseD WMthid a graugl g me n
environment, the process of derivingr@ferencevector from multiple DM&judgments
needs to incorporate the aentmtethafdrmutaton of t
of a singlepreferencevector for the groupAdditionally, DMs are subject to irrationalities
and various inconsistencieghich may have adverse effects upon derived preference
vectors.Therefore, seeking tadditionallyreduce iwonsistency during the aggregation
process can help reduce itsadverseeffects on the group decision

In Chapter 2 we analysed approaches to the aggregation of DM views when PC are
utilised within group decision makingVheneliciting separate judgmenfrom each DM
an aggregation approach then seeks to determine a single aggregated preference vector.
Such aggregation may be approached via aggregation of individual pristitbsas
within the Weighted Arithmetic Mean Method/AMM ) or via aggregationfondividual
judgmens such as withirthe Geometric Mean MethoGMM). Within bothapproaclks
Chapter ddentified shortcomingvith regard to4 areas
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1. No explicit consideration ofhe amount ocompromise of each D8Ms |j ud g me n
during aggregatiorPreviots approaches do not provide angicationto the group
of the amount of compromise semantically meaningful e r ms each DMb®G
have undergonmreacha consensus. This hinders a D
as well adimits the traceabilityandtransparency of the aggregation process;

2. Further the other approaches offer no faciliies constraintsto be set by DN
regarding the amount of compromibey are prepared for their views to undergo in
the pursuit of a consensus solution;

3. Although prevous approaches allow DM/eightsof importance to be incorporated
into the aggregation process they are static and defined at thefdtatprocess,
therefore they cannot be dynamically altered which is an importance consideration as
defining weights isot a crisp singlgass task but rather is informed by refinement;

4. Aswe haveseenwhen nconsistencys present in judgments it can adversely affect
the accuracy of results thereforensideation of its reduction uring aggregation
would be advantageouds WAMM aggregatesndividual prioritiesand preference
vectors are derived before aggregation, it cannot consider inconsistency reduction
during the aggregation process. Withaggregation of individualjudgmens
inconsistency reduction could be consett however GMM has no consideration of
inconsistency during aggregatiand in facthe amount of ordinal inconsistenayay

increase during GMM aggregation.

Based on this analysis, in this chapter we present an approach ggthgadion of PC
judgmerts of a group of DMshat addresses these limitations.

5.2 MOO Approach to PC aggregation

In this section w& presena MOO approach tdhe aggregationf PCsof multiple DMs,

which cansimultaneouslyfacilitate inconsstency reductiorduring aggregation. The
approach, by modelling alteration to eact
achieve consensus for the optimally mini
as well ashighlight underlying conflict between the DMs whaeeking to achieve
conses us. Al t er atjudgnments inexphcily donsi@ekidraugh the use of

the measures of compromig®t give theDMs control over howalterationis measured

to meet their needss well ashelpng eachDM glean understanding arkthowledgeof
thetradeoffs involved thus aidingraceability When there are invariably differing views

and conflict between DMs thefpr the conflictingobjectives of compromise to each
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DM6s vi ewilsnot bé & singleesolution that optimizes all objectiviestead a

range of tradeff nonrdominated solutions will exisThe approach looks to modéke
tradeof f between the compromi ses needed to
PCMs- Aggregated Consensus Solutiomrough aggregation of individupidgments

the approach is able to considé@mnconsistency reduction during aggregatidrhe
approach facilities inconsistency reduction during the aggregation process through
modelling inconsistency measures as additiopational objectives to seek to find
Aggregated Consensus Solutions wiblv inconsistencyA range of loth cadinal and/or
ordinal inconsistencyneasuresan be consideregiving the DMs control over the type

of inconsistency reduction to seek.

The approaclkacilitates various analysis of the £ solutions found from the MOO
process to aid the group towards reaching a final consensus. Such analysis can be via the
DMs adding constraints to represent thresholds of the amount of compromise they are
willing to tolerate in pursuit of consensus. Tuse of the compromise measures aid DMs
in settingsemantically meanirfgl constraints. The MOO approach allows for constraints
to be iteratively added after the initial objective space has been viewed helping to ensure
that DMs set feasible constraingsdditionally analysis of the set of solutions found can
make use of knowledge of the global amoul
identify the solution(s) that represents the least overall compromise for the group.
Similarly analysis of the seff solutions found can identify the solution(s) that represent
the fairest amount of compromise. Furthermore the approach can facilitate weights of
importance of the group of DMs to be incorporated during analysis of the set of solutions
found. A weightedaggregated solution can be identified and sensitivity analysis of
changing of the weights can be performed to identify the weighted aggregated solution
reflecting this change.

The approach is independent of a specific prioritization method and any ncathod
be utilised to derive a ranking from tAggregated Consensus Solutions fougabling
the approach to be flexible to different problem scenarios and DM preferences. The
approach implements the9lscale to elicit judgments and this scale is utilis@dhe
examples in this chapter however, the approach could be extended to use any bounded
scale which would again allow it to be flexible to different problem scenarios and DM
preferences.

In Chapter 4 a discussion and analysis of MOGAs and their sBiytdbr MOO
involving the measures of compromise was presented, along with discussions of the

merits of different MOGASs. The approach to tlygeegation of PC judgments of a group
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of DMsvia MOO is implemented via a MOGA. The approach is independeIQfGA

and various MOGAs could be applied. However for the examples and experiments
presented in this chapter the MOCell algorithm is utilised for the advantages outlined in
Chapter 4, such as its ability to allow a DM to define the maximum number ef non

dominated solutions that are returnél&xt the stages of the approach are outlined.

5.2.1 Stages ofApproach to Aggregation of PC judgments of a group of
DMs

The stages dheapproachshown inFigure5.1, canbe summarized as follows:

1. The number of elements of the problem is defined

2. Judgmerg are elicited from each DMelating to their preferences between the

elements of the problem

3. The objectives for the MOO process are selected, consisting both of objectives of
compromise to eacibMé& views as well as additional optional inconsistency

objectives

4. The set of objectives argilised within MOO to find the set of Aggregated Consensus

Solutions

5. Analysis of the set of Aggregated Consensus Solutions is performed to aid the
selectionof a single solution from the set of solutions. Such analysis may take one or

more forms:

i.  Analysis of the set of found Aggregated Consensus Solutions with respect to the
levels of conflict between the DMs. The DMs can then iteratively add feasible
constrants to gradually drill down to a swiegion of the objective space to help

reach a final group consensus
ii.  Analysis utilizing weights of importance of each DM to heelpdentify a solution

for which the compromise to each BMsiews is proportional to &ir weights.

Sensitivity analysis of changing the weights of importance can then be performed.
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Figure5.1: Flowchart of the stages tifeapproachof aggregation oPC judgments of a

group of DMs

Analysis utilizing information pertaining to the global levels of compranis
the group to help identifysolutions) which represents the least overall

compromise to the group of DMs

Analysis of the set of found solutions with respect to the amount of comgromis
that each DM undegoes in comparison to the other DMslping to identify
solution(s) that represent the faitesompromise to the group of Dddviews,
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v. Analysis of the Aggregated Consensus Solutions and their conflict may also aid
identification of scearios with unacceptable levels of conflict within the group
(in theview of theDMs) in which amendmentanduggde of t he DMs 6
may instead bgaluable Therefore as the approach reveals the levels of conflict
within the group it can highlight tihe group when the conflict is high and where
amendment and updee o f the DMsdé judgments may

seeking aggregation under such high levels of conflict.

5.2.2 Multi Objective Optimisation
The approach seeks tiind Aggregated Consensus Sotuts through modelling the
amount of compromise that each DMG6s judg
with additional optional inconsistency measure objectives, via MOO.
Given a problem witlm elements an® decision makertheyeach define a comgie
n by n PCM of their judgments:
06 O 6B 6D (5.2)

From these PCMs we can extract from each their top triandl@udfments of each
DM6s views. Th e adfgoenteSetd obaardirakityd ban i Melected,
containing enough information to aenstruct the whole of the PCM. Tlagproach
modelsarOr epr esent ati on Ooff Beha k éachDMbish cohsiskd {
of Jjudgments § ¢ B ,fork =1, é, D.

We seek the set of natominatedAggregated Consensus SolutioAgain we can
represent eackolutionas a judgment set of cardinalitydenoted a#\ = & hd F8 hod .

The set A represents the decision variablesdhatbe obtained byinimising a set of
objectivesy.

The MOO problem can be formulated as:

0 Q¢ Qa¥Qa Q (5.2
where

¥ ale

The set of objectives consists of two subsets. The first sulessetpresents measures
of compromise objectives 0 of cardinalityD, that each seeo minimize the measure
of compromise with respect to the correspondingf a DM. This subset is defined as:
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e - O0Oh O0MB- 0 (5.3

The second subsetrepresents inconsistency objectiesd of cardinalitym.

e I OMBH 0o (5.4

The approach additionallgllows each DM to set constraints upon the amounts of
compromise they are willing to tolerate in the pursuit of reaching a consensus. They can
be employedfor example,to define an upper limit to the amount of a measure of
compr omi se t hascaaund2igdusng pptindagione n t

For example, given a constraint frd) of ¢ upon their measure of compromise,

the following constraint could be defined:
-6 @ (5.5)
Constraints can additionally be set upon inconsistency objet¢tveésfinebounds

upon the amount of inconsistency permitted within found aggregated consensus solutions.

Thus a constraintQupon an inconsistency objectivefrom objective subset is defined

as:

T e 0 (5.6)

So, the costrained multiobjective optimiation problem can be formulated as:

0 Q¢ Q& &xy Q (5.7)
subject to
-0 ®
I 0 Q
for i =and, éjBl, 2,é, m

Theapproach theseeks to simultaneously optireithis set of objectives to find the
tradeoff front of the problem, a set &ggregated Consensusl8tions.A preference

vector can then be derived from any of the aggregated consehsisns foundFigure
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5.2 showsanillustrative objective space found using the approach for a 4 element, 3 DM
problem. Each axis represents a compromise measure objective denoting compromise for
each DM. Additional inconsisten@bjectives could also have been employed increasing

the number of dimensions of the objective space. A set oftifidggregated consensus
solutions (in this case 8) have been found and their measures with respect to the amount
of compromise to each Dlsglre shown through their position within the objective space.
From an aggregated consensus solutigmrederencevector of the 4 elements under

corsideration can then be derived.
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Figure5.2: lllustration ofMOO approach of aggregation of 3 Déweferences

Within the approachthe measure of compromise that is to be utilised as a separate

objective for eaclbM can bechosn based upon the preferences of the group so that each
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DM utilises the same meastreThrough each DM utilizing the same measure of
compromisadditionalfunctionally andanalysigelatingto total compromise information
can be performed to aid the group to select a consensus sskg®ection5.2.4

The objedwves thatare usable within the approach, both of compromise measures

and of inconsistency measu® outlined next.

5.2.3 Objectivesusablewithin the Approach

The measures of compromise and inconsistency usable as objectives within are approach
are outlinedbelow. In addition to these measures, tackling the problem via a MOO
framework allows for additional measurei§, a new measure is devised, to be
implemented into the approach: additional measures would only need to define an
evaluation function to be im@mentable into the approach.

The levels ofalterationt o each DM6s judgments can be

compromise as defined in Chapter 3.

1. NJV: Number of Judgment Violationg measure of the number of judgments
that have changed

2. TJD: Total Judgment Deviationa measure of the total amount of change
between each judgment

3. STJD: Squared Total Judgment Deviaticavariant of TIJD which gives more
emphasis to larger amounts of deviation to a judgment

4. NJR: Number of Judgment Reversadgsmeasre of the number of juginents that

have been reversed.

The optional addition consistency measures that can be utilised as objectives in the

approach are: (for discussion of these see Chapter 2.)

1. CR: Consistency Rati¢33]: a measure of the level of cardinal inconsistency
present, proposeby Saaty along with an additional threshold of acceptability

value of 0.1;

" The approachtechnically could also be flexible to allo@achDM to be modelled witta different
compromise measure (afat a single DM to be modelled withultiple measures) but this would come at

the expense of some functionally.
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2. L: An ordinal measure of the number oiv@y cycles present within a set of
judgments including consideration of equal preference;

3. CM: Consistency Measurg/3]: a cardinal measure of inconsistency that
considers the most inconsistent triple of judgments within the whole set;

4. GCI: Geometric Consistency Index measyire]: an inconsistency measure
baed upon the distance measurements betweempréferencevector derived
using the GM prioritization metid and the original judgments.

5.2.4 Analysis ofsolutionsto aid towards selection of aisgle solution

From the discovery dadtradeoff set of solutiongor the problem, with respect to the set
of objectives,analysis ofthe objective space antheasures concerning the conflict
between the DMs can be determin&drough analysis of the nature of the objective space
knowledge of the conflict between the DMadae revealed. fie approach can extract
the measure of conflict between each pair of Diith respect to the chosen measure of
compromise, and create a ranking of the set of pairs.iFlk@culatedasthe distance
measure of compromise between eachgfdirMs within the objective spadea measure
from an edge of the objective space to another.efigis allows identification of DMs
with closely matching views, as well asDMs for which there is a high level of conflict,
helping to give a deeper undeting d the nature of the group of Dédviews. The
approach can further calculate an average of these pairings to derive a measure of
agreement for each DM. These values when ranked can then highlight nhe s t
agr e el whe & most representativa typical of the group and also tfiemo s t
di s agr BM(arlehserépresentative or typical of the grouphose views are the
most outlying.

In additionto seeking to findthe set of tradeoff solutions forthe set ofconflicting
objectives, additionatonsideration needs to be given to ultimately hible group
towards selecting group consensusolution From a single group consensus solution, a
preference vector ranking of the elements can then be dervettheFexamples presented
in Section5.3 theGM pr i or i t i[zdaztilisedto deresdpreferehcerectors
from aggregated consensus solutidrmyever the approach is independent of a specific
prioritization method and any method can be utilised to derive a ranking. Furthermore
whenthe approeh actively seeks aggregated consensus solutions with low inconsistency,
the choice ofprioritization method &comes less significantAdditional analysis
facilitated via the approadio aid the selection of a single consensus solution from the
front of sdutions can be performed through:
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Iteratively adding constraints;
Global measures of compromise analysis;

DM weights of importance analysis;

P w0 NP

Fairest compromise analysis

These areas of analysis are discussed next.

5.2.4.1 Iteratively adding constraints
To helpthe group towards the selection of a single consensus solution the approach allows
DMs to define the levels of tolerance they are willing to accept in the pursuit of reaching
a consensus. The approach facilitates this by allowing constraints to beetgdgiined
to explore and drill down into the objective sp&cEhrough tackling the problem of
aggregation via MOO the approach facilities an initial exploration of the objective space
to reveal knowledge of the overall conflict between the DMs. Thist&pMs can then
look to define feasible thresholds of tolerance as constraints based upon this knowledge
of the conflict. Then through iteratively adding constraints the DMs can move towards an
area of the objective space to facilitate the selection obresensus solution in an
interactive and traceable mann&he approach implements constraints within a MOO
framework implemented via MOGAs initially via reducinige fitness of infeasible
solutions to push the population towards the feasible regioreabdlijective space, via
Constrained Pareto Dominandd 9], as defined foconstraint handling in NSGAII. The
approach additionally introdes a hard constraint upon the archive to only allow feasible
solutions to be added to the archive, thus ensuring that only feasible solutions will be
presented to the DMs. S8ection4.2.5for a more detailed discussion of straints and
the Constrained Pareto Dominanoenstraint strategy.

Moreover when additional inconsistency objectives are utilised by the group the
approach allows constraints to be defined to these objectives. For example, when the
inconsistency measureROs employed as an additional objective a constraint could be

defined upon its upper value of 0.1 (thi

8 Constraintsare added as part ¢ new search utilising the constraints witkhe operation of the
MOO searchhowever they could also be added to a set of found solutions to simply slice up the objective

space of the solutions without-searching if that meets the DMwreferences.
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inconsistency) to only seek to find Aggregated Consensus Solutions with acceptable

levels of CR.

5.2.4.2 Utilizing Global levels of Compromise information

Throughanalysisof informationrelatingto the global levels of compromise within the
groupof DMs, the least amount of overall compromise for the gtougach a consensus

can be calculatedror each aggregatedrensus solution found, a global measure of the
total compromise of thmeasuraised by the DMas objectives can be calculated. This
represents the sum of the compromise measure value for each DM for the chosen measure
of compromise. For example, the gidlhotal Number of Judgmentéversal{TNJR ) for

D DMs can be calculated via:

YO 0 'Y Y (5.8)

Global measures of compromise for the other measures of compidWserJD
andSTJD can be calculated in a similar way. Freath calculation for each solutica
ranking of the set of aggregated consensus solutions can be made with respect to their
global measure of compromise, from which the solution with the lowest global measur
of compromise can be identified (or multiple solutions when more than 1 solution share
the lowest global value). Calculations of the global measures of compromise for 2 DMs
in which STJD is the compromise measure for each DM are illustrated visuBlbyuire
5.3. From this we see that there is a single solution with the lowest total value of
compromise, with a TotalSTJD value of 127, located towards the middle of the front of
solutions and highlighted as a yellow triangle. Suahlysis can assist DMs to identify
the solution with the lowest overall compromise to aid in their analysis of the objective
space and aid towards reaching a consensus decision. In this example there were 2 DMs;
for larger number of DMs with more complekjective spaces and larger solutions sets,
the same calculation of the total of each compromise value can be calculated and could
technically be utilised for any number of DMs.

Such calculation of global measures of compromise could additionally as#ist in
selection of a consensus solution and derivation of a preference vector from it
automatically, thus allowing the approach to derive an aggregated solution from the sets
of the DMs6 judgments in scenarios nwhen

some cases analysis of global values of compromiiedentify a sulset of aggregated
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consensus solutions thalt share the lowest total measure of compromise value. In this
case the approach calculates a sirngieferencevector as the average (utiing the
geometric mean) of th@reference vectors derived from this seb of aggregated
consensus solutions. In this way a Global Consepseierencevector is found that
represents the average of the sethof solutionghat share théeast overall comromise

value.
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Figure5.3: Global solution calculatioitlustration

5.2.4.3 Utilizing DM Weights of Importanceanalysis

Within group decision making there will be many cases due to, for example, position or
expetise where the weight of importance of each DM is not the same and can be
incorporated within the aggregation process through DM weights. Additionally, as we
saw in Chapter 2, determination of such DM weights is not straightforward and as such
weights th&a are incorporated dynamically will be beneficial. Although the GMM can
incorporate weights of importance defined before the process they are not incorporated

dynamically, similarly the WAMM incorporates weights only during calculations
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between the set o$eparate preference vectors so they are also not incorporated
dynamically. The approach allows for DM weights of importance to be incorporated into
the aggregation process through identification of a weighted global solution from the front
of solutions fomd, that isa global compromisesolution that is weighted tdake into
account the weighof importanceof each DM. Therefore the higher the weight of
importance of a DM, the more weight their compromise carries within the global
compromise calculations.dditionally, due to the use of the measures of compromise,
the amounts of compromise each DM has to undergo within the weighted global solution
are more easily comprehended by the DMs. Such visibility is not possible for solutions
found using weights withithe WAMM and GMM By altering the set of DM weighta

the approachsensitivity analysis can examine how changes to the DM weights of
importance affect the selected weightgidbal solution. As the front of aggregated
consensus solutions has been foumchssensitivity analysis catirectly be performed
without the need to reunthe aggregatioprocess (which would bequired for weights
incorporated in the WAMM and GMM approacheBo determine the weighted global
solution from the set of solutions fod, a weighted global measure of compromise is
determined for each solution, from which the solution(s) with the lowest weighted global
compromise can be identified. To calculate the weighted global measure of compromise
for a solution, the measure of coramise value for a DM for the solution is multiplied
proportionately to their weight and summed togetRer.example, th&/eightedglobal

Total Number of Judgmenté¥versalfWTNJR for D DMs and with set oD DM weights

0 to0 ,°can be calculated via:

wYOOLY Y z0 (5.9)

Weighted ¢pbal measures of compromise for the other measures of compridNse
TJD andSTJD can be daulated in a similar wayn this waythe approach still seeksw
overall compromise during consideration of DM weights as the DM wegaghbtstilised

to modify the global calculation of each solutior example, if we consider the example
from Sectiorb.2.4.2illustrating the global measure of compromise and given further DM
weights of importance of 2/3 for DM1 and 1/3 for DM2 (that is to say DML1 is twice as

9 So as to be comparable to equal weighted calculations the set of weights are normalised such that they
sum to D, however any form of numerical representation of weights could be utalised.
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highly weighted as DM2), we can look to identify the weighted alsblution. The same
aggregated solutions froRigure5.3 along with their weighted total calculations for the

solutions are showmiFigure5.4: Left, the global measure again is shovenaayellow

triangle and now the weighted global solution is shown as a red circle. We see a solution
ed

has been identifi

as the weighted sol

due to their weight being higher. Through altering the weight$em $ee the effects on

the weighted solution. For example, changing the weights so that DM1 is three times as

important (0.75) as DM2 (0.25); the illustrative objective space of these new weights is

shown in Figure 5.4: Right along with new weighted compromise calculations and

identification ofa weightedsolution even more in favour of DM1. Such sensitivity

analysis can aid the group towards the selection of a single solution.

Again, as with the global solutionslcalation, the weighted solutions calculations

can be applied for larger number of DMs than 2 where, given their more complex

u

objective spaces and much larger solutions sets, the potential insights they can provide

become more valuable.
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Another way we an thinkof the effects of changing the weights is as affecting the shape

of the curve of the objective space. We can show thihéthree sets of weighted global

values we have just seen, plottedrigure5.5 (the two sets of values calculated from the

2 weight sets, and the set of values of theveighted global values as essentially both

DMs having eqal weights). From this plot we can see the effects of incrementally giving

DML1 a higher weight of importance.
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Figureb5.5: Analysis of weighted values

Calculation of weighted global values for each solutouldmoreoverassist in the
selection of a solution and derivation of a preference vector from the weighted solution(s)
automatically. This enables the approach to derive an aggregated solution from the sets
of DM judgments in scenarios when weighte & be incorporated, and analysis and
negotiation is not possible. If multipkolutions share the lowestightedcompromise
value the approach calculates a singleeferencevector as the average (utilizing the
geometric mean) of th@reference vectorslerived from this sudet of aggregated
consensus solutions. In this wapr@ferencersector is found that presents the average

of the sulset of solutionshat share theveightedtotal compromisevalue.

5.2.4.4 Fairest Compromise analysis

Analysis of the global mount of compromise in the grougpusefulfor group of DMs

seeking aggregation considering the smallest overall compromise. Weights of importance
of DMs are useful when seeking aggregation in line with the weights of importance of
each DM. Addition analys of the set of found solutions can also analyse the ratio of
compromi se that a DM6s views undergo in r
DMs undergo. In that way the fairness of a solution, with respect to how equal the amount
of compromise ezh DM undergoes, can be determined. Such analysis is useful for any

group of DMs seeking to gain deeper knowledge of the aggregation of their views and
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especially useful for a group of DMs with competing or adversarial views and wishing to
identify aggregaon with respect to their views undergoing equal compromise in reaching

a consensus. For each solution we can calculate the range of the amount of the
compromise measure each DM undergoes within the solimwrexample, th&ange of

the Number of Judgnmé ReversalsRNJR for D DMs can be calculated via:

YooY Y Y (5.10)
Range calculation®r the other measures of compromiédV, TID andSTJD can be
calculated in a similar wayromsuch calculation for each solutica ranking of the set
of aggregated consensus solutions can be made with respect tartbeiothemeasure
of compromise, from which the solution with tferestrangemeasue of compromise
can be identified (or multiple solutions when more thaaldt®n share the lowest range
value). As this analysis is performed upon the set ofdwninated solutions found such
a solution represents the most equal solution from the set of solutions that make up the
tradeoff front of the problem. For example pdssible aggregated solutions for a 2 DM
problem both using the TIJD compromise measure could be, for solution 1 both DMs
undergo 10 TJD where as in solution 2 DM1 undergoes 7 with DM2 undergoing 9. In
this case thesisolution is dominated by théd®%sowould not have made it into the final
archive of found solutions to be considered for fairest calculations. Therefore the
approach is focused upon finding the optimal solutions of Pareto quality between the
DMs6 objectives and falitg of theirhcenspeomise aslthen i o n
considered. From a set of found solutions it may be the case that multiple solutions share
the same levels of total compromise yet the distribution of this total between the DMs
will not be the same. For example, considé DM problem with STJD as the measure
of compromiseFigure5.6 show a hypothetical front of solutions with the STJD value for
each DM along with the calculated total measure and the range measure for eawh soluti
We see in this example how the solution with the least overall compromise, with a TSTJD
value of 20, has a larger range value of 4 than the fairest solwtiah has a range of 2
and is shown as a hollow purple triangle. We can see this more atef@idyre5.7 which

plots this set of solutions (and initial DM judgment sets) values of both TSTJD and range.
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We see, highlighted with vertical lines, the different fairest solution and global solution

within the set of solution®
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Figure5.6: Equal compromise rangalculationillustration

As with the global and weighted calculations the calculation of the range of compromise
for each solution could additionally assist in #aigomatic selection of a solution and
calculation of a preference vector from the most equal compromise solution(s). This
would allow the approach to derive an aggregated solution from the sets of DM judgments
in scenarios when analysis and negotiatiomossible and an aggregation is sought that
represents a fair compromise to the DMs involved. If mulSpletions share the lowest

range ofcompromise valuethe approach calculates a singleferencevector as the

01n such an example @DMs and thesame measuref compromisethe global and equadolutionswill
invariably be the same solutidrhowever it is easier to explaamnd illustrate an example faust 2 DMs
See Kkample5.3in Section5.3.3with 3 DMs to see the differencbetween global optimhaand equal
optimalsolutions.
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average (utilizing the geometric mé¢ani thepreferencerectors derived from this subset
of aggregated consensus solutions. In this wargkerencerector is found that represents
the average of the subset of solutitimst share thedwest rangef compromisevalue.

The global solution smallest Fairest solution with the smallest

overall compromise sohition difference between DMs compromise
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Front Solution

Figure5.7: TSTJID and range values from the equal compromise illustrative example

5.2.5 MOO Approach to PC aggregation Discussion

We have outlined the approach to tlggreegation of PC judgments of a group of DMs

via a MOO approachnal have outlined its advantages and the stages of the approach. The
MOO definition of the problem has been outlined along with the objeaisaslein the
approach. Outlines have been presented of how various forms of analysis of the set of
solutions foud can aid the group towards the selection of a single consensus satution.
the next sectioexamplesexplorethe approach and its benefa®ng with comparisons

to the GMM. This is followed by an application of the approach within an example AHP

decisia.
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5.3 Examples

In this section, stepy-step examples dheapproach are presented.

1. Example 5.1 explores utilizing the global calculations of compromise and compares
the approach to the GMM,;

2. Example 5.2 explores hol®M weights of importance analysisrcée utilised and

dynamically altered to investigate the set of solutions found;

3. Example 5.3 illustrates how DMs can iteratively add constraints to aid towards the

selection of a single consensus solution;

4. Example 5.4 explores howmconsistency eductioncan be incorporated into the
aggregationprocess to look to reduce the adverse effects of inconsistency upon

rankings derived from a consensus solution;

For these examples the MOCell algorithm waidised with the following parameter
settings: populatio size of 100 (1& 10 grid); maximum evaluations count of 25,000;
with selection performed via binaryournament with single point crossover (with
crossover probability 0.9) and bit flip mutation (with probabilitX). employed. The

size of the archivesistated in each example (with the feedback value set to 25% of the
size of the archive)Any prioritization method can be utilised within the approach to
derive preference vectors from aggregated consensus solutierGM prioritization

method is utilied in these examples.

5.3.1 Example 5.1:Global solution analysisand comparison to GMM
Example 5.1 explores utilizing global measures of compromise information as well as
comparing the MOO approach to the GMM. The judgments from 2 DMs for a 5 element
problem ae shown inTable5.1.

GivenSTJD as the measure of compromise for both DMs, and an archive size of
20, the solution space for thisobjective problem is shown iRigure5.8. The global
sdution identified is shown as a hollow diamond and the solution found via GMM as a

hollow circle.
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Table5.1: Example 5.1: D: 2 N: 5

DM1 DM2
1 2 3 4 5 1 2 3 4 5
1] 1 3 3 U7 1/5 1| 1 1/9 2 1 1/2
2113 1 7 14 3 21 9 1 6 1/8 1/4
313 17 1 1/3 1/4 3112 16 1 1/6 1/3
41 7 4 3 1 1/9 41 1 8 6 1 1/2
5| 5 1/3 4 9 1 5| 2 4 3 2 1

The STJID values of each DM and Total STJD for both the GMM solution and the
global MOO solution are shown ihable 5.2. From the plot of the objective space in
Figure5.8 and from the values ihable5.2 we see that the GMM solution is dominated
with respecto STJD and that the global solution found from the MOO approach has less
STJD for both DMs than the GMM solution.

@ - Initial DM Set
¥ - Altered Set

hhhhh » - Global Solation
» O - GMM Solution
}a. x
“““““ X
xX
B 150.00 s
b' X
:._-‘ X
f:l '|"|‘"| 0N x
O 100.00
X Q
o X
B X
x
X x
x
‘_I Kl x x l
5000 0.00 50.00 100.00 150.00 200.00 250.00 300.00
DMI1STID

Figure5.8: Example 5.1 objective space
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Table5.2: Example 5.1: STJD Measures

‘DMl:STJD DM2:STJD Total:STJD

MOO 58.00 69.00 127.00
GMM 62.23 79.23 141.46

The PCM of theaggregated solution found v@MM is shown inTable5.3 and the PCM
of the global MOO solutiofound via the approadk shown inTable5.4. From these we

see howasthe approachadheres to the original judgment scatiéised by the DM to

elicit judgmentsit is easier for the DMs teomprehendhe aggregated solutioma

discern how their judgments have altered.

Table5.3: Example 5.1: GMMPCM

1 2 3 4 5
1 1.00 0.5774 2.4490 0.3780 0.3162
2| 1.7319 1.00 6.4810 0.1768 0.8660
3| 0.4083 0.1543 1.00 0.2357  0.2887
4| 2.6455 56561 4.2427 1.00 0.2357
5| 3.1626 1.1547 3.4638 4.2427 1.00

Table5.4: Example 5.1: MOO Global Solution PCM

1 2 3 4 5
1 174 2 14 14
2l 4 1 6 16 1
3/ 12 16 1 15 1/4
4 4 6 5 1 1/
5/ 4 1 4 6 1

Then if the global solutiorentified by the approaadk chosen by the DMs as the desired

consensus solution agerence vector can be derivedshswn in Table5.5.
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Table5.5: Example 5.1: Preference vector from global solution of MOO approach

‘ 1 2 3 4 5
MOO ’o.o7733 0.2041 0.05168 0.2816 0.3853

5.3.2 Example5.2: DM weights of importance analysis

We now explore how DM weights of importance can be utilised dynamiwéltyn the
approach. Taking the judgments from the 2 DMs in Example 5.1 we further explore the
objective space with the DMsdéd weights of
space and global solution space as the DMs initially having equgihtsef importance.

We then look to perform sensitivity analysis of the weights. Given weights of importance
of DM1:0.65 and DM2:0.35, we see the updated objective spa&igure5.9: Left, with

the weighted solution shown as allow red circle. We see that within the weighted
solution DM1 undergoes less compromise and also see this solution in relation to the
global (equal weights) solution. Given altered weights of DM1:0.85 and DM2:0.15 the
further updated objective space iwim in Figure 5.9: Right. We see the effects of
increasing DM16s weight of importance up:¢

can additionally analysis the preference vectors from these different weighted solutions
shown inTable5.6.

@ - Initial DM Set @ - Initial DM Set
% : Altered Set X : Altered Set

: Global Solution 50.00 : Global Solution
O - Weighted Solution O : Weighted Solution

DM2STID
X
DM2STID

X

100.00 150.00 200.00

00.00 50.04 300.00 50.00 0.00 50.00 100.00 15000  200.00
DMISTID

DMI1STID

Figure5.9 Left Weights {DM1:0.65, DM2:0.35}. Right Weights {DM1:0.65,
DM2:0.35}
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Table5.6: Example 5.2: Preferenceestors from weights analysis

‘ 1 2 3 4 5
Weights 1 | 0.1046 0.1586 0.05299 0.2887  0.3951
Weights 2 | 0.1039 0.2224 0.05619 0.2624  0.3551

Weights can also be utilised for higher numbers of DBisen a6-element problem

PCM judgmerd from 4 DMs are showim Table5.7. With NJR chosen as the measure

of compromise for each DMe then perform the MOO for this@bjective problem with

a large archive of 150 solutions defined. Within the higher dimension space the size of
the front offound solutions is much larger, from the MOO stage a set of 128 solutions

was found.

Table5.7: Example 5.2: D: 4 N: 6

DM1 DM2
1 2 3 4 5 6 1 2 3 4 5 6
1|1 15 12 7 1/8 1/5 1] 1 7 13 5 8 1/4
2| 5 1 3 8 8 1/9 2|17 1 17 15 1 1/9
3|12 13 1 12 19 6 3| 3 7 1 2 5 5
4 | 1/7 1/8 2 1 2 4 4115 5 12 1 1/2 1/4
5/ 8 18 9 12 1 1/9 5|18 1 15 2 1 1/4
6|5 9 16 14 9 1 6|4 9 15 4 4 1
DM3 DM4
1 2 3 4 5 6 1 2 3 4 5 6
11 3 8 1/7 1/5 1/5 111 17 1 5 4 1/4
2113 1 3 8 8 1/9 21 7 1 17 15 1
3118 13 1 1/9 6 311 7 1 2 5
4| 7 18 12 1 2 1/4 4115 5 12 1 1/2
5/ 5 18 9 12 1 1/4 5|14 1 15 2 1 1/4
6|5 9 16 4 4 1 6| 4 1 12 1/4 4 1

Additionally from these 4 DMs we calemonstrate the analysis of their conflict that
the approach enables.afjlean knowledge from the objective space by calculdtieg

level of conflict between each pair via the distance in the objective space between the
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pair. By extracting the value diis measure for each pair of DMge can gauge and rank

the amount of conflict between each pairing in the group. The values for each of the 6
pairings inExample5.3are shown imMable5.8. From this we see that the masfreeing

pair are DM2 and DM4 and that the maksagreeingpair are DM3 and DM4By
additionally calculating the averages for each pairing a DM is involveasshown in

Table 59, weobserve the overall i mo stt h ea git mesatt

di sagreeabl ed i s DM3

Table5.8: Example 5.2Agreement values between each pair of DMs

DM Pair | Min TNJR
1&2 8.5
1&3 5
1&4 7.5
2&3 7.5
284 3
3&4 9.5

Table5.9: Example 5.2Average Agreement values of each DM

DM | Avg. TNJR
1 7.00
2 6.33
3 7.33
4 6.67

Given further weights for the 4 DM¥ {0.35, 0.25, 0.25, 0.15}, (perhaps representing a
management member as DM1, 2 team members as DM2MABand an intern as DM4)

we show the objective space with the identified weighted global solution for the 4 DMs,
from the view of DM1 and DM4 irrigure5.10: Left. The amount of compromise for
each DM for the identified weighteglobal solution is shown ifable 5.10 and the

preference vector derived from this weighted solution is showialhe5.11.
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@ : Initial DM Set
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Figure5.10: Example 5.2 DgamicWeights Analysis DM1 & DM4 Views

We observe that DM1 undergoes much less compromise that DM4 as we would expect

from their weights. Additionally, DM3 due to agreement with the strongest weighted DM

DM1, as seemiTable5.8, undergoes little compromise, seerfigure5.11: Left. The

identified weighted global solution represents the global calculations of compromise of

solutions that are weighted with respect to the DM weltdhthese plots addiinally

help to highlight the similarity between pairs of DMs we calculated.

Table5.10: Example 5.2: Weighted solutions compromise values

DM1:NJR DM2:NJR DM3:NJR DM4:NJR TNJR

WeightsSet1
WeightsSet2

Then throughalterationo f
DM16s i

3
1

t he

mportance

5.5
7.5

4

we

2
4

8.5
6.5

19
19

D M9.850 0\ 0.2¢, 10.10s increasing

see the

effect

upon

the objective space shovitom the viewpoints of DM and DM4 inFigure5.10: Right

and from the viewpoints of DM2 and DM3 kigure5.11: Right. We see the effects of

these changi

ng

wei ght s

t o

t he

compr omi se

in Table5.10. The preference vector derived from this weighted solution is shown in

1 When weights of importance are employed the approach still ensures low overall compromise is sought

as the weighted global value is a weighted calculation of the global measure of each solution. As opposed

to consideratioronly of the weights without global compromise consideratiarhich would result in a

more | inear

solution.

relationshinp

bet ween a

DM6 s

wei ght
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Table5.11. We see DM1 now undergoes little compromise in the identified weighted
solution.

This dynamic analysis of theeights illustrates how sensitivity analysis of DM
weights can be carried out to analysis the impacts changes in the weights have upon
aggregation. Such analysis is important as defining DM weights of importance is not a
crisp task. Additionally as solutisnfound via the approach maintain the original
judgment scaleitilised for elicitation, analysis of multiple solutions can more easily be
i nterpreted ajadgmentshaveoaltered. SuglMdysamic analysis is not
facilitated within the Weighted GMMpproach as weights are defined before aggregation
therefore changes tiie weights cannot be considered. Furthermore as the judgments of
a solution found via the Weighted GMM will invariably fall outside of the original
judgment scale, interpretationdfe j udgment s t o anal yse hoyv

altered is problematic.
Table5.11: Example 5.2: Weighted solutions preference vectors
‘ 1 2 3 4 5 6

WeightsSetl | 0.1288 0.2144 0.1706 0.0734 0.1230 0.2898
WeightsSet2 | 0.0522 0.3317 0.1692 0.1102 0.1355 0.2011

DM3NJIR
DM3NIR

DMINIR DMINIR

Figure5.11: Example 5.2 Dynami@Veights Analysis DM1 & DM3 Views
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5.3.3 Example 5.3: Interactively adding constraints
Example5.3exploreshow constrants can be iterativelytilised to aidagroup of DMs to
reach a consensus solution. Givena&ement problem for 3DMs their initial judgments

are shown imable5.12.

Table5.12: Example 5.3: DMs 6 Judgment s

DM1 DM2 DM3
1 2 3 4 1 2 3 4 1 2 3 4
1] 1 4 2 1/3 111 14 1 1/3 11 13 1/6 1/7
214 1 7 1/4 2/4 1 17 8 213 1 8 1/2
3112 17 1 3 3|1 7 1 3 3|6 18 1 3
41 3 4 13 1 413 18 13 1 4,7 2 13 1

With TJD as lhe measure of compromise for each DM amdaximumarchivesize of

50, the 3dimensional objectives space, with respect to DM1 and DM2 is shokgune

5.12. In the plot the globatompromise and fairest compromise solutionspdoéed as

is the GMM solution. The values of compromise of these 3 solutions, along with their
total compromise and range values are showiiahle 5.13. Table 5.14 shows the
compromise data for the tral DM sets, showing the amount of compromise needed from
2 DMs to match the views of a 3rd DM.

From the plot of the objective spaceRigure5.12 and the data iTable5.13 and
Table5.14, we seethabM2 6 s vi ews di ffer significantl
whose views are more similar. Consequently we see that the global solution of a total of
39 deviation steps require less compromise from the similar 2 DMs than the rigiregou
DM2. Further to this we see that due to the more outlying views of DM2 the global
solution is located further away from DM:
the fairest solution. For the global solution DM2 undergoes 6 more devigéips than
for the fairest solution. With regards to comparison with the GMM solution we see that
the approach has identified a global solution in which the total compromise value
represents almost 20% less deviation compromise than that of the GMM rsolutio
Additionally we see that the approach has identified a single fairest solution in which the
range of compromise to each DMés vVviews i
of the GMM solution. Additionally the total overall deviation value of fhaisest solution

is less than that of the GMM solution.
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Figure5.12: Example 5.3: Initial objective space DM1 and DM2 view

Table5.13: Example 5.3: Initiakignificant solutions data

DM1 DM2 DM3  Total Range
GMM | 13.86 17.98 16.14 4798 4.12
Global 8 21 10 39 13
Fairest 14 15 16 45 2

Table5.14: Example 5.3: Initial judgment sets compromise

DM1 DM2 DM3 Total
DM1 0 29 18 47
DM2 | 29 0 31 60
DM3 | 18 31 0 49
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So with this knowledge glead from the initial objective space afrdm theidentified
solutions feasible constraints can be defined by the Dius.exampleif DM2 concedes

that as their views are timeost outying theymay choose tget a minimum constraint on

their deviation equal to that of the fairest solution of 16 but also set a maximum constraint
of deviation they are willing to tolerate of 25. We see the constrained objective space with
D M2 dosstraints added iRigure5.13; Left.

1
DM3 @ : Initial DM Set | DM3 @ :Initial DM Set
Dm1 s % - Altered Set 3 DM1 1 . % : Altered Set
. - Global Solution . | - Global Solution
[ - Fairest Solution : [ - Fairest Solution
25.00 == B v MNP © - GMM Solution | 2500 dm P G AR A © : GMM Solution |
X X X
%% X" *x ><’|k
X x!
X, m
[a) X)< (] [a) 1 (o]
N e e e R e B e ———— e ettt it et
g " g |
= = 1
= = 1
10. 1
1
1
1
[
1
1
e DM2 1 e DM2
1
1
1
10.00 15.00 20.00 2 5 5.00 0.00 5
DMITID DMITID

Figure5.13 Example 5.3: Left: DM2 constraint®Right: DM2 and DM1 constraints

Additionally assumdhat DM1, by analysing the initial obg¢ive space, conjectures that

as within the global solution theitews would only undergo 8 deviation steps thaly

add an upper cotrsint to their deviation with son@ncession tthis global value of 10.

We see the constrained objective space with2D6 s and DM106s const |
Figure5.13: Right. From this constrained objective space we see that the GMM solution
now falls outside the constrained sugion of the objective space and highlights its
inability to deal wih constraints within aggregation problerfsirthermorewithin this
constrained objective space the approach has identified a new fairest compromise
solution, redefined based upon the solutions that are within theegidn of the

objectives space.

Next assume that DM3, seeing how his/her views would undergo 10 deviation steps
within the global solution decides to relax only a little his/her viemwd defines a
maximum amount of deviation of only 11. We show the constrained objective space with
DM26sDBbhas constrai nt pointsdf ®Mdldandf DM8 mFiguré e v i
5.14: Left. The updated constrained objective spacewi t h  DM3 6sof ldonstr

142



added is shown iRigure5.14: Right.We see thatyithin thisconstrained objective space

with constraints set by each DNhere are only 5 solutions. Going backview the

objective space from the vigeint of DM1 and DM3 we seée 5 solutions shown in

Figure5.15.
35.00 T 35.00
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Figure5.14 Example 5.3: LeftDM2 and DM1 constraintsRight: DM2, DM1 and
DM3 constraints
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Figure5.15: Example 5.3: Final Constrained objective space DM1 and Risi&
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Within this further constrained objective space we see the original global solution as well
as another new fairest compromise solution, one that now is close to the global solution.
For a solution set of this size within a constrained objectiveesp#iten becomes easier

for the DMs to analyse and compdhe solutionsandselect a consensus solution for
aggregation. Additionally akeapproach seeks solutions that maintain the original scale
used to elicit judgments it is much easier for DMsrtalgse the solutions and understand

how their judgments have changégsume that the DMs are happy to choose the new
fairest compromise solution as a consensus solution, here both DM1 and DM3 see a
solution which is close to the optimal global value andZDsees a solution within the
lower half of their deviation constraint boundaries. From this chosen solution a preference
vector can then be derived. The chosen solution judgments along with the derived

preference vector are shownTiable5.15.

Table5.15: Example 5.3: chosen solution and preference vector

1 2 3 4 w
111 1/4 1 1/3 0.1202
214 1 7 1/2 0.4327
3|1 17 1 3 0.1810
413 2 13 1 0.2680

5.3.4 Example 5.4: Incaporating inconsistency reduction during
aggregation

Example5.4 explores howarious inconsistency measures can be utilised as additional

objectives to seek to reduce inconsistency during the aggregation process, thus reducing

the associated adverse effegpon preference vectors derived from aggregated solutions.

Table5.16 shows judgments from 2 DMs for a problem with 4 elements, along with initial

i nconsi stency measures for tdognentdhele a CRNe ¢

value above 0.5 and that both have®& cycles within their judgments.

The approach implements multiple inconsistency measures that can be used as objectives

to reduce inconsistency and can beCMchose

and GCI. For example, assurti&t the DMs are interested in seeking low CR values

within their aggregation and more specifically in ensuring that any preference vectors are

derived from aggregated PCMs that have CR of 0.1 or less, thus ensuringnauadet of
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Saatybs thr eshol dWwhenftheGMMdseuglised foi aggregagion bfe v e |
these judgments it results in an aggregated PCM with of CR of 0.43, slightly less than the
initial CR values of the DMs however still far from the 0.1 level astceptable

i nconsi stency. Therefore t his probl em

requirements cannot be incorporated within the GMM.

Table5.16: Example 5.4udgments

DM1 DM2
CR:0.51L:2 CR:0.52 L2
1 2 3 4 1 2 3 4
1 1 1/4 1/5 3 1] 1 2 1/4 2
2 4 1 2 1/2 2112 1 2 1/3
3 5 172 1 2 3| 4 1/2 1 1/7
4 | 1/3 2 172 1 4 | 1/2 3 7 1

Using the MOO approach with the measure of compromise of TJD as the objective for
each DM and also with d%objectiveof CR, the approach looks to find solutions with

low TJD for each DM as well as solutions with low CR. To ensure that solutions with CR
less than 0.1 are found, a constraint upper value of 0.1 can be added to the CR objective.
The objective space for thisdimensional problem, with a large archive set to highlight

the nature of the front, is shownRigure5.16: Left from the viewpant of DM1 and DM2

deviation.
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Figure5.16 Left: Example 5.4 from DM1 and DM2 viegwith CR as & objective).

Right: Example 5.4 From CR and Total compromise view
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The inconsistency constraint has ensured that all solutions found have a CR value below
the 0.1 constraint. The-@mensional objectivepace from the viewpoint of the total
deviation to both DMs (the sum of deviation for each solution found) and CR is shown in
Figure5.16: Right, along with the CR constraint as a dotted red vertical line. We see that
only solutiors with CR below 0.1 how been found. Therefore any solution can be selected
by the DMs as a consensus solution and will have a CR below their constraint limit.
Alternately the DMs may instead be instead interested in seeking a low numbers of
cycles within ggregated solutions. Againhen theGMM is utilised for aggregation of
these judgments it results in an aggregated PCM with an L value of 2, so the same number
of cycles as originally present 1in each |
be utilisedwith an additional '§ objective of L to seek aggregated solutions with a low
numbers of cycles. Assume further that the DMs are only interested in aggregated
solutions with all cycles removed and so can also set a constraint of O upon the L
objective. Tle objective space for thisdbjective problem from the viewpoint of DM1
and DM2 deviations is shown figure5.17: Left. The 3dimensional objective space
from the view of total deviation to both DMs and L is winan Figure5.17: Right, along
the L objective constraint line. We see that only solutions with 0 cycles have been found
(and that that each solution has a comthideviation measure of either 18 18.
Thereforeany solution can be selected by the DMs as a consensus solution and adhere to

their requirements of having no cycles.
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Figure5.17 Left: Example 5.4 from DM1 and DM2 view (with L a¥ ®bjective).

Right: Example 5.4 from L and Total compromise view.
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54 MOO Approach to PC aggregationwithin AHP Decision
We present a stelpy-stepexampleto illustrate the us of the approach within an MCDA
AHP decision problenj6]. The approach has been applied to the aggregadif PC
judgments of a group of DMs whilst also looking to reduce inconsistency during the
aggregation process. FirstBnoverview ofthe AHP decision problens presentedhis
is followed by the utilization of the approach within the stages of AHRetivea final
ranking of the alternatives pertaining to ttecision The MOO aggregation approadh
discussed anadomparedwith the GMM aggregation approach during the decision
problemstages

The exampleexplores a group of 3 DMshoosinga new renewdb energy source
within the communityFor an overview and discussion of AHP see Chapteir& the
formulation of the decision and ielements are presented. Following this judgment
elicitation and analysis are performed. Analysis and aggregationtefapriorities are
presented followed by aggregation of alt

Lastly a final synthesis and aggregated ranking of the alternatigggesented.

5.4.1 Formulation of the decision problem

In theexamplea groupof 3 DMs, with equal weights of importancare selecting new
renewable energy source within the commumiiren AHP isutilised for group decision
making the formulation of the decisionobs
DM or via a moranteractive approach between the DMs involy&8]. In this example

we have an overseeing DM, and 5 criteria and 3 alternatives have been idémntified
which the 3 DM§preferences Wlibe eicited. The 3 alternatives are:

Al:  Wind Farming (WF)
A2:  Fracking (F)
A3: Solar Panels(SP)

The 5 criteria to which the alternatives are to be comparack:
Cl. Community Impact: The shordterm and longerm impacts upon the
community and lad from the energy sourceSI();

C2: Public Perception Perceived support and perceptions of the local

community towards each type of energy souRie)(
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C3: Infrastructure : The setup and deployment factors of each energy source
along with accompanyingdgslation considerations)

C4: Costs Considerations of the costs of both initial setup and maintenance
costs associated with each energy souta®; (

C5: Expansion Capacity The ease of future development and expansion

capabilities of each energy soer@&C).

With the elements ahe decision defined we construct the AHP hierarchy, as shown in
Figure5.18, andelicit judgments from the DMs. For the aggregation at each elicitation
stage withintheapproach theneasure of compriseutilised will be NJV for each DM
and an additionad" objective of CR will be employed with an added upper constraint
threshold of 0.1. This enssthat we seelat each aggregation stage only solutions with
aCR bel ow Saat yds Oeachaggregatiomsiage a GlabaliaggnegatedA t
solution(s) is identifie@gwith DM weights of importance considered as ejjaatutilised
to derive a preference vector.

With the problem formulated and defined, judgments from the DMs can be elicited,
and analgis and aggregation of the judgments can be perfold®dwe firsty analyse
the elicitation of the preferensef criteria from the DMs, then analgghe elicitation of
DMs 6 preferences bet ween teroh bowevaydgmetss wi t

may be elicitecaind aggregated in any order.
Renewable
Energy Source

Community pUbllF Infrastructure Costs Expanslon
Impact Perception Capacity

[WindFarm'ng] [ Fracking ] Solar Panels

Figure5.18: Hierarchy representation of th&HP example decision
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5.4.2 Elicitation, aggregationand analysis of citeria priorities
To determine the importancé# each criterion, we elicit judgments from the DMs with
respect to the decision goal, as showhigure5.19, and then derivacriteriapreference

vector.

Renewable
Energy Source

- - r -
community PUb“F Infrastructure Costs xpanslon
Impact Perception Capacity

Figure5.19: Criteria with respect to the problem

The three PCMs of preferences from the DMs for the importance of each criterion

are shown imable5.17 along withCR values for each DM.

Table5.17: PCM relating to critea preferences of the three DMs

DM1 DM2 DM3
CR:0.54 CR: 0.5 CR:0.7

Cl PP | Co EC CIl PP I Co EC Cl PP | Co EC

Cl 1 14 17 1 1/4 Cl 1 15 2 1 5 Cl 1 18 17 19 5
PP | 4 1 12 12 6 PP | 5 1 1 3 153 PP | 8 1 14 1/2 1/3
I 7 2 1 12 3 I /72 1 1 12 1/2 | 7 4 1 12 6

Co| 1 2 2 1 1/6 Co| 1 13 2 1 4 Co| 9 2 2 1 12
EC| 4 1/6 13 6 1 EC|15 3 2 14 1 EC |15 3 16 2 1

As well as utilizingthe MOO approach we can calculate a critgniaferencevector
using tle GMM for comparison. For the GMM, the PCM created as the aggregation of
this information is shown ifigure5.18. We see that the level of cardinal inconsistency
is above the 0.1 threshold level and consequentlypesferencersector derived from it
will lack accuracy. HowevetheMOO approachwith its constrained CR objectiyveill
only derive aggregated PCMs with CR values below the 0.1 threshold thus facilitating
more accurat@referencevector estimates to be deriveddditionally, as the approach
seeks solutions that maintain the original judgment scale employed by the DMs during
elicitation, the aggregated solutions will be easier for the DMs to discern how their

judgments have altered.
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Table5.18: Aggregated PCM from GMM of the criteria preferences

CR:0.18
Cl PP I Co EC
Cl 1 0.18 0.34 0.48 1.84
PP|543 1 0.5 0.91 0.87
I 29 2 1 05 208
Co|208 11 2 1 0.69
EC| 054 114 048 144 1

The preferencevectors relating tohe criteria weights derived frorthe MOO
approach and GMMre shown infade 5.19, with the most important criterion for each
approach shown in bold. We see that the most important criterion calculated from the
GMM is Infrastructue, whereas the most important criterion calculated fiteeMOO
approach is Costs. As we have seen the variation in the weights can be attriltged to

MOO approach being able to consider the additional information regarding inconsistency

reduction.
Tale 5.19: Aggregated criteria weights from MOO and GMM
Community Public Expansion
Impact Perception Infrastructure Costs Capacity
GMM 0.107 0.221 0.272 0.239  0.160
MOO 0.121 0.124 0.241 0.355  0.159

5.4.3 Elicitation, aggregation and analysis of #ernatives priorities with
respect to eaclriterion

For the 3 alternatives whenelicit judgments fronthe DMs of their preferences between

the dternatives for each criterion. /cananalysethe calculation ofpreferences of the

DMso0 preferencesbetween the alternatives with respect to the Expansion Capacity

criterion,asshown inFigure5.20.
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‘ ‘ ‘ ‘ Expansion
Capacity

Wind Farming

[ Fracking ] [SolarPaneIs]

Figure5.20: Alternatives comared with respect to Expansion Capacity criterion

Thepreferencevectors derived fromthieMs 6 pr ef erences of t he &
to the Expansion Capacity criterion, usthg MMO approach and the GMM, are shown

in Table5.21. The aggregated PCM calculated during the Glpildcess is shown in the

right hand side ofable5.20. We see that the GMM aggregated PCM solutionah@®

value greater than 0.3, again above the threshold of acceptabisigtencyConversely

any aggregated PCM calculated durthg MOO approach, with the added constraint

upon the CR objective, will find PCMs beldive 0.1 thresholdThe single solution with

the lowest overall compromise found with the MOO approach is ishowhe left hand

side ofTable5.20, which has a CR value of 0.

Table5.20: MOO and GMM aggregation of alternativegh respect tdexpansion

Capacity
MOO GMM
CR: 0.0 CR:0.33
WF F SP WF F SP
WF| 1 1/2 2 WF 1 0.32 1.12
F 2 1 4 F | 3.17 1 0.63
SP | 1/2 4 1 SP | 0.88 1.59 1

We see the effects of this Table5.21 with the MOO approach producing differing
ranking to the GMM approadiegarding the " and 3 most preferredlternatives.
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Table5.21: Alternatives preferencerectors with respect tBxpansion Capacity

C5 ‘ Wind Farming Fracking Solar Panels
GMM 0.229 0.40 0. 36:¢
MOO 0286 0.57 0. 14:

In the same manner, we can elicit judgments from the DMs of the alternatives with
respect to the other 4 criteria, and then derive aggregaééerencevectors usinghe
MOO approach, as shown Fable5.22, with the mostpreferredalternativefor each

criterion shown in bold

Table5.22: Aggregatereferencevectors for alternativewith respecto aiterion

Wind Farming  Fracking Solar Panels
Community Impact 0.122 0.320 0.558
Public Perception 0.165 0.225 0.610
Infrastructure 0.661 0.131 0.208
Costs 0.493 0.196 0.311
Expansion Capacity 0.286 0.571 0.143

5.4.4 Synthesisto afinal r anking

With all judgments elicited angreferencerectors derived, the next stagehe synthesis

of thesepreferencevectors into a final ranking of the alternatives. The resulting final
ranking of the alternatives produced tti@ MOO approach and via the GMM approach
are presented ihable5.23, with the nost preferred alternative for eaapproach shown

in bold. From these rankings from the 2 approaches we see that a differing final ranking
has been determined frothe MOO approach compared to the GMM. The highest
ranking alternative frothe GMM is SolarPanels; whereas fthe MOO approach Wind
Farming is the highest ranking alternative. Consideriegdtiiffering final ranking, we
have seen from the intermediate stages of the aggregation proc#ssM@0O approach
considersexplicit consideration ofminimising alteratiorand incorporates inconsistency

reduction, thugprovidesa richer ranking.
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Table5.23: Final alternatives rankings for MOO and GMM approaches

GMM MOO
Wind Farming 0.367 0.415
Fracking 0.256 0.259
Solar Panels 0.377 0.326

5.4.5 AHP Example conclusions
The AHP examplehas showrthatthe MOO approach can be utilised within a full AHP
hierarchy decision problem and how througheiglicit incorporation of inconsistency
reduction during agggation a richer ranking can be obtained. MorediilerMOO
methodology facilitates an indicatbased approach to the aggregation process, in that
DMs can decide how compromise during aggregation will be measured through choice
over the measure of compr@a to use. Irthe exampleNJR wasutilised, however
another measure such &gD for example could have beenilised. Likewise how
inconsistency is to be measured (if at all) can againskeselectedin theexamplethe
CR objectivewas utilised howeve different measures such hscould also or instead
have benutilised.

There are additional analysis benefits thatapproach facilitates thabuld beusel
in such a decision problerknowledge measures could btlised at each aggregation
stage to tpan knowledge of the conflicts between the DMs. Constraints on measures of
compromise could be employedataggregation stage to help drill down towards the
selection of a single solution from which to derivg@raferencevector. Moreoveirfor
scenariosvith high levels of conflict in which DMs are looking to ensure fair compromise
then analysis of the fairesbmpromise could be incorporated at each aggregation stage.
Furthermore analysis of neequal weights of importance of each DM could be employed.
For exampleduringthepr ocess it could become <cl ear
such that their opinions should have more weight. As at each aggregation stage we are
using the calculated global solutiorfformationto derive preference vectors, weudd
additionallyutilise DM weights and analyse the final rankings and intermediate rankings,

and perform some sensitively analysis on the already derived MOO fronts.
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5.5 Conclusions

In this chapter we have presented a new approatie taggregationfdC judgments of

a group of DM through aggregation of individual judgments via MOO, whilst
simultaneously facilitating inconsistency reduction during aggregation. Through
modellingalteratont o each DM6s Vviews as a separat
ach eve consensus for the optimally mini mu
The approach looks to modtde tradeoffs between the compromises needecach

DM6s pr ef er &ggregated Congenstis SoldtioAdterationt o e ac h D M
views is cosidered through the use of the measures of compromise giving the group of
DMs 6 c ont r alterationnseta be Imeasuredihe approachadditionally can
facilitate inconsistency reduction during the aggregation process through modelling
inconsistency raasures as additionabtional objectives to seek to find Aggregated
Consensus Solutions with redugedonsistencyA range of loth cadinal and/or ordinal
inconsistencymeasurescan be utilised giving the DMs control over the type of
inconsistency reduicin to seek. We have defined and discussed the stages of the
approach, the objectives that are usable within the approach and the various analysis the
approach facilities to help a group of DMs towards a consensus solution. Such analysis
can be through thBMs iteratively adding constraints, to represent their tolerance level

of compromise, to drill down into the objective space to help identify a consensus
solution. The use of compromise measures within the approach aids the DMs to set
constraints that areemantically meaningfidnd relatable to the degree of compromise
they are willing to tolerate. Additional analysis of the global amounts of compromise,
incorporation of DM weights of importance and analysis of the fairest levels of
compromise can also lpea group of DMs in reaching a consensus solution. Furthermore
the approach is independent of a specific prioritization method so any method can be
utilised to derive a ranking fromrAggregated Consensus Solutions fouadabling the
approach to be flexiblto different problem scenarios and DM preferences. The approach
implements the -B scale to elicit judgments and this scale is utilised for the examples
discussed in this chapter however the approach could be extended to use any bounded
scale which wouldagain facilitate flexibility for different problem scenarios and DM
preferences regarding judgment scales. Additionally asAtpgregated Consensus
Solutionsfound adhere to the original scale utilised to elicit judgments they allow a DM

to discern more asily how their judgments have changed. We have presented multiple
examples to illustrate the advantages and flexibility of the approach and to compare the

approach to the GMM for aggregation of individual judgments. Additionally we have
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presented the us# the approach within a full AHP decision problem to derive a final
ranking of the decision alternatives under consideration. In the next chapter we investigate
how scalable the approach is for dealing with the aggregation of larger numbers of DMs,

and haev to address the associated issues.
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Chapter 6 Clustering Decision Makers with

respect to similarity of views

6.1 Introduction

I n Chapter 5 we proposed an approach for
Chapter addresses the issuesof al abi | ity for the aggregat
PCs. First an investigation of applying the aggregation approach with increasingly larger
numbers of DMs is used to identify scalability issues. Following this we propose an
approach to the aggregat of a large group of DMs to overcome these issues. The stages

of the approach are then discussed, which first utilises clustering to divide a large group
of DMs into clusters of similar views. T
members aralerived and utilised as objectives within MOO, to reach a final group
aggregation. Following discussion of the approaskamples are presented. Finally
conclusions of the approach are presented.

6.2 Aggregation of Many Decision Makers

The approachtothgagr egati on of a group of DMsd vi
objective within a MOO framework. Each additional DM is then simply modelled via an
additional objective, and theoretically the approach can scale to deal with any size of DM
group.However n practice, as the size of the set of objectives used within the MOO
process becomes large, scaling issues come intoT&yis dueto the nature of MOO
problemstackled via a MOGAwhen the size of the objective set becomes larpge

issues relating ttarge objective sets are discussextt.

6.2.1 Multi -Objective Optimisation with large objective sets
For MOO problems, when the number of objectives is more thah a dozen, the
problem is sometimeetmed aMany-objective optimization problernfii34]. For such

problems issuesncounteed may include

1. Increased dimensionallyand size of the Rreto-front: As the number of objectives
increase the dimensionally of the objective space increases as does the size of the
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Paretefront. This resultsin a large number of nedominated solutiongo find,
makingit more difficult to accuratelynapoutthe front.

2. Performance issuesWithin high-dimensionabbjective spaces performance issues
surrounding stagnation in the search process can obtunigherdimensional
objective spaces the proportion of rdominated solutions in a population quickly
becomes lage making discerning between solutions in the populatiorefésgive.
This thenaffects a MOGAS ability to diversely search over the objective space.

3. High computational cost With an increased numbers of objectives, a commensurate
increasecamount ofevaluationis requiredfor each individual in each generation.
Additionally higher computational costs will be incurred for archive maintenance.

4. Difficulties in visualisation of the objective spaceas the dimensionality of the
objective space increaseshinders interpretation and visualisation of the set of

solutions found.

Consequently classic@OGAs do not perform well in mangbjective optimisation
problens [134]. Therefore we are likely to encounter such issues when we increase the
number of DMs and consequently increase the number of objectives in the group
aggregation approach. Newe explore the approach through experimentation over an
increasing numbers of DMs.

6.2.2 Analysis ofMOO Aggregation Approach for large group of DMsbPCs

To help in evaluating the approach when utilised for aggregation of increasing larger
groups of DMs we havinplemented an exhaustive search of the aggregation of a group
of DMs6 PCs, to find the t rustweskarchoutired o f
and used imur analysis in Gapter 4anexhaustive searabf group aggregatioquickly
becomes compleand intractable, see Chapter 4 for complexity discussion. However
such complexity is with respect to the number of elements of the problem. Analysis can
use relatively small values of N and increase the number of objectives without much
complexity increae.We cantherefore analyséhe aggregatn of increasingly larger
groupsof DMs each modelled as a separate objective,amsésdow increasinghe
number of objectivesffects MOGA performance with respect to theaisability and
performanceissuesoutlined above. UsingVionte Carlo simulationsve compare the
average performance from a MOGA against the true fronts found via exhaustive
searching over a range of objective sizEer the experimentationanalysis of the

performance for the aggregatiohgroys of DMs from 2 to 25 is performedror each
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D value (2 to 25)100 experimentsvere performed and then averages for dactalue
are calculated. In the results that follow the N value is 4 and the compromise objective
for each DM is STJD.

Each experimat involves:

1. Creating random sets of judgments BbDMs;

Finding the true front of solutions for the data;

3. Using a MOGA calculate the average over 10 runs of the evaluation measures of
the found solution sets.

N

For theseexperimentshe MOCellMOGA wasemployed (See Chapter 4 for overview of

its operation) withparameter setting@opulation size of 100 (10 10 grid); maximum
evaluations count of 25,00®;jth selection performed via binatpurnament with single
point crossover (with crossover probatyilD.9) and bit flip mutation (with probability
0.01) employedFor the size of the archive for each experiment, as the true front of the
problem is found first the size of the true front is used to define the size of the MOCell
archive, thus ensuring tlachive is large enough to permit the finding of the whole front
of solutions of the problem.eeédbacks then defined as 25% of the size of the archive.
For the MOGA performance analysis measures of these experimentations, using
HyperVolume for increasingumbers of objectives becomes too costly as computing the
hypervolume indicator is NBomplete[129]. Therefore we us&enerationaDistance

(GD) and Inverted Generation distance (IGD) as performance measures the
experimentsGD [128] givesa measure of the distance between each found solution and
the nearest true solutipfGD [128] gives a measuref the distance between each true
solutionand the nearest found soluti®@ee Chapter 4 for discussiortloése performance

measures.
Next we discuss the results from these Monte Carlo experiments with respect to
Size of solution setasthe number of objectives increase;

Performance issups

Increased computational costs

0N P

Difficulties in visualisation of th@bjective space
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6.2.2.1 Effectsof the size of solution setasthe number of objectives increase
From the experiments for each D vallégure 6.1 shows the average size of the true
fronts over the range of D values aslwas the average size of the fronts found by
MOCell. From this we observe that the average number ofdnarinated solutions
quickly increases as the number of DMs increasesiandehe size of the fronts become
unwieldy. From a DMs perspectivet becomesmore difficult to analyse,objectively
comprehend and extract knowledge from such a largef seiutionsand to ultimately
pick a single solutionFor problems with such larg®lutionfronts the population of the
MOGA quickly fills up with nondominated solutions which hinders the exploratory
aspects of the algorithrror exampleFigure6.2 shows an objective space whenZD=
from the perspective of DM1 and DM2. We observe the population of solutions
congre@ting within the middle of the objective spaéealditionally, even in scenarios
when only an approximate mappingloéfront is desiredgnd therefodefining a smaller
archive to finda smallerevenly spread set of solutions) large number of solutionsill

still berequired to be able to define an approximate mapping of the front.
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Figure6.1: Average size ofrtie frontsand average size of frontom MOCell
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6.2.2.2 Performance issues

Figure6.1 alsoplotsthe average size of the solution sets found by MOCell. From this we
observe that as the number of objeciwgcreasethe size of solution sefsund by the

MOGA compared to theize of the trusolution setslecreases, with the gap widening as

the value of D increases. We visualise thygplotting the percentage of solutions found

by MOCellcompared to thaze of the true front as shownkingure6.3. Here weobserve

that the performancewith respect to the percentage of the sizes of the fronts that has
been found compared to the size of the true fodéxreases as the numbepbjectives
increases. Additionally the decrease appears fairly constant and suggests that the
percentage of true front of solutions found will continue to decrease for higher values of
D*2, Furthermore, we evaluate the average performance over the rdbgaloks using

the GDand IGD measures. The average of the experiments for each D value of these
measures is shown Figure6.4. We observe that as the number of objedtiveerease

both GD and IDG increase, wit@D increasingaster (which we can attribute to finding

12 Interestinglythe performance is surprisimghen D=2. Thisis unnoticeable in Figure 6.1 as the size of
the fronts when D=2 are so smadlative to the larger D valueEhese results could be explored in further
investigations, see Chapter 8.

160



smaller percentages of the true fronts as we sadvigimre 6.3). Therefore as the number
of DMs increase we see that performargeteriorats. In percentage terms the
deteroration of the values approximately doubles every 7 D values. Again the increase
in the plot appears fairly constant and suggests the deterioration of performance will

continue for higher values of D.
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Figure6.3: Average sizef frontsfound from MOCellas% of thesize of tue fronts

6.2.2.3 Increased computational costs

As the number of objectives increatbe evaluations of each solutiaill become more
costly. The evaluation costs for a solution wviiltrease linearly with the number of
objectives. Therefore a solution for a group of 20 DMs would take twice as long to be
evaluated as a solution from a group of 10 DMgtthermore as the number of ron
dominated solutions becomes very large additionsiisceegarding archiveaintenance
are incurred. Once an archive becshagge it becomes a costly process to determine if
a new solution should be placed in the archive and wiiiahy, solutions already in the
archive need to be removed. Moreover euerséenarios when only an approximate
mapping othe front is desired bgefining a smaller archiveelarge number of evaluations
will still occur when determining the most approf@isubset to be in the archive over the

operation of the MOGA.
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6.2.2.4 Difficultie s in visualisation of the objective space

As the number of objectives increase the objective space becomes admghesional
spacegconsequentlyt becomes harder for a DM to visualise and interpret the results and
thus extract knowledge.e.the curseof dimensionality. Even if weouldinstantlyfind

all solutions of the true front with all solutions lying exactly on the true front, we would
still struggk to exXract knowledge and value pertaining to the group of DMs and their

conflict from the set o$olutions.
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Figure6.4 : AverageGD andIGD of MOCell MOGA over range of DM values.

6.2.2.5 Monte Carlo experimentation conclusions

From this experimentation we have highlighted the issues that occur whemtberraf

DMs within group aggregation is scaled up. The experimentation results show constant
degradation of performance and consiacrease in true front sizesjggesng that the
issues willincreasen a similar manneifor larger group sizes than apséd.Techniques

to tackle such scaling isssi@ the aggregation of large groups of DMs are outlinext

6.2.3 Multi -objective optimisation with large numbers of objectives
We haveidentified thescaling issugof the aggregation cd groupof DMs6 v i eews t |

occurs as the number of DMs increasHsere are two types of approaches to tackling
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MOO for large objective setthose that maintain the full set of objectives and those that
seek to reduce the number of objectives.

Approacheshatmaintain the full seof objectives look to overcome tleale issues
through methods such as modification of the Pareto dominance relations to allow different
rankings to be assigned to ndominated solutions, or seekutlise parallel search and
aggregation methods, sgE85] for a review of such approacheBhese approachesill
suffer from computationatost issues[136] and issues relating to diverse search
effectivenesq4134], as well as issues of extracting knowledge from 4uighensional
objective spaces.

Alternatively various approaches have been éefithatsed to reduce the number of
objectives, sed137], [138], [139], [140]. Such approachdsad e-off between objective
reduction and information loss via analysis ofrelationships between the objectives.
From analysis ofthe objectives asubset can béound thatpreserne t he pr obl
charateristics[123]. An approach utizing Partition Around MedoidéPAM) clustering
to reduce objectives was proposedli4]. In this approaclhe objectives are clustered
then the approach remavéhe most redundambjective identified. This process is
iteratively applied removing a single objectateach iteration.

To tackle the scaling issue we propose an approadietaggregation of PCs of a
large number of DMs that looks to reduce the number of objectives for the least amount
of information loss. The objective reduction is achieved through clustering DMs into
similar views and then seeking a single representatioe afc h c|l ust er 6s

approach is presented next.

6.3 Approach for aggegation of a large group of DMsGPCs
In the approach we firstlgluster a large group of DMs based thi similarity of their
views.These clusters are usedctdculatea single sebf judgments per clustéo be used
asa single objective within a MOO approadihe MOO is thenperformed with respect
to each cluster of DMs1odelledas a single objective.

As large groupsof DM problemshave large front sizes and highdimensional
objective spacetackling the issue bgnaintaining the full set of objectivdéand looking
to negate the performance isuesl not address the issues surrounding comprehension
of such a large and higffimensional objective spageAdditionally seeking tdirst find
redundancy between objectives to ensure only objectives in conflict remain makes for a
more suitable input into a MOO process whesglekgo find the tradeoff front between

these objectivefl10]. By clustering the group of DMs w&houldaddiionally reveal
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strong views within thgroupwhilst aggregating and therefore expose some of the nature
of the conflict within the group.

Previous approaches to redundancy reduction seek to derive a subset of the objective.
When modelling each DM as a segi& objective to remove objectives removes some
DMs from the group. Instead the approach creates a set of judgments from egupub
of DMs with similar views, which is a single set of judgments to represent the views of
the members of the cluster.

The approach then treats each cluster judgment set as a single objective within MOO,
thus reducing the number of objectives as each cluster is treated as a single objective.
Therefore the approach tackles the scaling issues by reducing the size of tinecigéct
The set of tradeff solutions between the clusters is then sought via MOO. From all
solutions found a preference vector can be derived that represents an aggregation of the
whole group. From analysis of the clustering stage and the objective wpaabtain a
clear indication of the tradeffs between objective reduction and informatioss, as
well asindicatiors of the nature of the group of DMs and their conflict. Additionally the
approach incorporates weights of importance of each clusted lbg®n the number of
DMs it contains. Subsequently we can identify the solution(s) on the front which
represents the weighted global solution(s).Additionaltgugh thestage®of theapproach
we have cleatraceability of the procesgrom its start to th final group aggregated
preference vector. Thapproach facilities sensitively analysis of the stages, for example
selecton of a different number of clusters or selentof a different solution from the
front of solutions identified through MOO. Sucénsitively analysis of the results and
the process, aids knowledge extracttout the conflict and the views within the group
as well as validation of the resuRegarding the logistical operation of the approach, for
large groupof DMs it is envisagedn overseer is making choices such as the compromise
measure used and per f or mi nigthidwaktteeappreachv al u e
is for when we want to poe@lnumberop e opl eds opi ni ons whi ch ¢

and proces® an aggreg@n. The stages of the approach are outlined next.

6.3.1 Stages ofApproach for aggegation of a large group of DMsOPCs

Thestages ofthe approachshown inFigure6.5, can be summarized as:

Stage 1Clusteringthe group of DMs
Stage 2: Deriving sgle representation for each cluster
Stage 3Multi-Objective Optimisation
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Figure6.5: Flowchart of the approadb aggregation of a large group of DMs

6.3.2 Stage 1: Clustering the group of DN

The first stage of the approach utilises clustering to divide the DMs into groups based
upon the similarity of their views. The approach utilises thmeans++ algorithm to
perform the clustering. fneans++ is therefore briefly outlined followed by atiioa of

the clustering stage of the approach.

6.3.2.1 K-means++Clustering

Clustering discovers natural groupings of a set of points or olpjeit$ Such clustering
can be performed by themeans clustering approach. Given a set of d dimensional
instancesk-means seeks to clustdre instances into a set kfclusters, such that the
squared error between the mean point of a cluster and its points are mifiMed-
means is one of thenost prominent clustering methods, requires relativelye litt
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parameter tuning and has been identified as one of the top 10 algorithms in data mining

[143]. The kmeans aorithm has three stages:

1. The instances aresigned randomly into k clusters;

2. For each cluster the centroiktween its members is calculated and then the
distance each instance is from eatfster centroid is determined;

3. Each instance is then assigriedhe clister with the nearest centroid.

Stages 2 and 3 are repeated until no instances areeabsiga new cluster in Stage 3.

A limitation of k-means is thadlue tothe instances initiallypeingassigned raramnly to
clusters it is possibléhat a sib-optimal convergencwill be reached. Th&-means++
algorithm[144]is an enhancemeaot k-means that seeks to reduce this limitation through
a modifiedinitialisation stage that aims to initially assign the instances into clusters such
that the initial clustering is ke to an optimal initialisatiorjl44]. The k-means++
initialisation phase seeks find initial clustercenters that are spread that initiaclusters

are far away from each othéihe k-means++ algorithmsiutilised within the approach.
When using the kneans++ algrithm (and for clustering in general) the selection of an
appropriate value for the number of clusters is challer[d#j. The approach facilitates

analysis to aid the selection of an appropriate k value, see Sé@&idn

6.3.2.2 ClusteringDMs in the gproach
Within the approach DMs are grouped based upon the similarity of their views regarding
their judgmentsGiven a problem wittD decision makers and elementseachDM

definesa completen by n PCM of their judgments

06 O & OF8 1D @ (6.1)

We extract from each PCM the top trianglddpfud g ment s t o repr esent
For each DMa Judgment SeD of cardinalityJ can be selected, containing enough
information to reonstuct the whole of the PCM. Using the judgment set encoding as
defined in Chapter 3, thapproach models a®@r epr esent ati on of e
{0 R B R }, each of which consists af judgments § ¢ BB ,fork =1, é, D.
This set ofD encoded judgment sets utilised as the feature vector ingufor the
clustering stageAn illustration of this for 3 DMs is shown iRigure 6.6. The set oD

DMs arethenclustered intdC clusters usindc-means++.
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PC,; | PCy3 | PCyy | PCy3 | PCyy | PCyy
DM1 10 9 12 14 9 8
DM2 11 7 10 14 12 g
DM3 10 8 12 14 16 8
Figure6.6: 'l lTustration of clustering inj

6.3.3 Stage 2: Deriving a ggle representation for each cluster

With the DMs clustered into C clusters stage 2 of the approach then creagestor
cluster a single judgment set that is a r
set for each cluster is derived through single objective optimisation. For each cluster we
perform single objective optimisation via a single objective geadgiarithm where the

single objective is a total measure of compromise. As we saw in Chapter 5, we can
calculate the total of a compromise measure across a group of judgment sets. The

objectives usable in stage 2 are:

Total NJV
Total TID
Total STID
Total NJR

A\
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From C clusters, each of size S, we have a set of S encoded judgment sets from its
members, against which we evaluate the single objective. The genetic algorithm evaluates
solutions based upon the objective of total compromise. For example, fotea alud a

possible solution its TotalNJR can be calculated via:

“YOO'Y Y (6.2)

For example, given a cluster of size 3,
in Figure 6.7 (as ordinal judgments for simplicitylfrurthermore TNJR is to be used as
the objective to find a single represent

of total compromise.

DM1:PCM DM2:PCM DM3:PCM

Figure6.7: Example of 3 c¢clustAGs member 6s

Cluster:PCM1 Cluster:PCM2
°  DM1:2 « DM1:1
" . DM2:1 « DM2:2
o o « DM3:1 * DM3:2
* Total:4 * Total:5

258

Figure6.8: Exampl es of single representat
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Two such aggregated PCMs are showhigure6.8. We see that for PCM2 a total of 5
reversals occur, yet fd®CML1 a total of only 4 reversals will occur, hence it is a more
preferred solution as a single representation of judgments for the cluster.
Therefore within each cluster we seek
single judgment set for the sriedt amount of overall compromise. As we have clustered
DMs with similar views together in the same cluster, a single judgment set representation
of a clusterd6és members should be derivahb
of stage 2, fromthenii t i al set of D DMsé PCMs, we ha
C PCMs that are each a representation of the views of the members of a cluster.
Regarding the approachdos clustering anict
each cluster, additionalonsideration should be given regarding its effectiveness as a
method to identify redundancy present within the objectives for a small amount of
information loss. Furthermore consideration regarding how an appropriate k value can be

chosen would be benefal. The next section looks into these two aspects.

6.3.4 Clustering evaluation experimentation

Through Monte Carl o experimentation we n
as an effective way to seek redundancy to reduce the number of objectives Vitile
information loss as possible. Additionally such analysis also assists during operation of

the approach to help an overseer to select an appropriate k value for the clustering stage.

Evaluaton of the clustering of a group of DMs overange ofk-valuescan analys¢he
changing amount of total agreement within the clusigesnstthe amount of objective
reduction achieved/Ne determine a measure of the total agreement from the clustering
stage through analysis of the amount of compromise naedsath cluster to create a
single judgment set of the views of the members of the cluster, summed for all clusters.
When k=1 all the DMs will be in a single cluster and when a single representation of this
single cluster is sought we also get a meastitieeototal compromise within the group.

This is a useful measure for an overseer to see the total amount of compromisthevithin
group for the given measure of compromiser examplegiven ahypotheticalgroup of

7 DMs giving judgments for an N=4 pradain. Figure6.9: left showsthese 7 DMs when

k=1. Here the measure of compromise of TJD is utilised to seek the optimal single
representation of the 7 DMs when they are clustered into a single cluster. Here we see
that 58 deviatiorsteps are required to create this representation. We also observe that as
the number of objectives is reduced from 7 to 1 we have achieved an 85% objective
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reduction. In a similar way we then measure the amount of compromise that occurs to
reachclusterepr esent ati ons for | arger k values,
compromise value is summed. For example, when k=2 as shokigure6.9: Centre,

the compromise in each cluster is 10 and 22, so 32 in total. Giventiba k=1 we have

a measure of the total compromise in the groL@0% of the compromisewe calculate
subsequentk al uedés compromi se with respect to
when k=2 the total 32 represents 55% of the original compro®aee see that when

k=2 45% less information loss occurs and also that an objective reduction of 71% will be
achieved. Then again for when k=3, as showigure6.9: Right, we calculate that the

total deviation steps across tBeclusters is 22 which represents 37% of the original

compromise when k=1. Furthermore k=3 results in an objective reduction of 57%.

K=1 K=2 K=3
r"'—-qh-“'x I'——%\ ’/H“\ VAN <7
- ?7 \\ ‘; % "’?6 % ’.r \‘ 'r L \‘
e . : h \ oy ‘ng !
I 10 y .-"D ‘1 1 JI4 W A 1 .:4 I\ !
- WL EE TN S - S RSN S
127 3¢ ' \ « 3 PO KA
! LN ! \ ’ H\ I 4! ll v l'! ® *
N 147 VoSt N o AR "'20'2 |
\\\ ‘?r" \\ 1! \\ ’3 J'! N -"! v ‘Dfl
\'h_‘_‘-_‘_‘a'- ".‘_ ‘,} \‘\_d'} \\ ,, Y ,I
=TID: 58 X TID :(10)+(22): 32 ZTID : (10)+(6)+(4): 22
%Conflict: 100% %5Conflict: 550p %Conflict 37%

Figure6.9: Evaluation of clustering values

We continue such analysier further values of k all the way to D, and for each value
measure the compromise and the amount of objective reduction, as shbabief.1.

When k=D each DM is assigned their own cluster and so each single representaltion wou
simply be the clusterdéds single memberos
as would the percentage of objective reductioigure6.10 we plottheinformation of
thetradeoff between objective reduction and redancy for this example. An overseer
can then see the nature of the traffefor this problem, as well as how the rate of
redundancy changes over the range-wakies, to aid in selection of an appropriate k
value. From this an overseer might conjectilva after a k value of 3 the amount of
reduction for subsequentvalues is no longer as valuable and so k=3 is chosen.
Furthermore as the approach provides a traceable thread from initial DM views to final
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aggregation the analysis of an appropriat@kie can also aid an overseer in performing
sensitivity analysis, through selecting a differenallue and analysing how it affects the

subsequent stages.

Table6.1: Cluster analysis example data

Objective | Objective Reductior Percentage of
k | Percentage percentage TotalTJD | overall TotalTID
1| 14.29% 85.71% 58 100.00%
2 | 2857% 71.43% 32 55.17%
3| 42.86% 57.14% 22 37.93%
4 | 57.14% 42.86% 17 29.31%
5| 71.43% 28.57% 12 20.69%
6 | 85.71% 14.29% 6 10.34%
7 | 100.00% 0.00% 0 0.00%
100.00%
2 90.00%
Q
n 80.00%
g =e—(bjective Reduction
o 70.00%
’E- percentage
5& 60.00% —e—Percentage of
'E- 50.00% overall TotalTID
3 o,
T 40.00%
o
g 30.00%
E 20.00%
=]
© 10.00%
0.00%
1 2 3 4 5 5] 7
K-Value

Figure6.10: Analysis of objective reduction viformation loss
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This example shows analysi$ a relatively small number of DM3.he analysis for a

larger groupf 50 DMs clustered usiniipe approach is shown iRigure6.11. HereN=4

and TotaINJR has been utilised as the measure of compromise, the percentage of total
compromise in the group for eactvédlue is plotted aablack dot and a trend knof the

total compromise over the range is shown in red. In this plot an overseer eeriggat
picture of the tradeff between objective reduction and information lassvell ashow

this tradeoff changes over the range eVklues. Such analysis caid them in seleatig

an appropriate «alue. Additionally from thie x a mp | e 6 s p lthedpproadh s e e
has identified that for lower k valueshigh amount of redundancy can be achieiveoh

one k value to the next whilst alsghievinga high levé of objective reductionthus
ensuringthe objective set can be reducedasufficiently small size to not suffer from

scalingissues.

100%

90% Percentage of Total NJR
——Percentage of Objective Reduction

80%

70%

60%

50%

40%

30%

20%

Objective Reduction/Compromise %

10%

0%
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49

Number of Clusters

Figure6.11: DM50 example analysis of objective reductionimformation loss

This exampleshows theapproachfor a single set of DMs and their judgments over a
single run of clustering. Utilizing Monte Carlo experimentation we analyse more
generally the approachés abilitiesllto i
analyse trends regarding the traafebetween information loss and objective reduction

for various group sizes (D) for a range of N values. For each N and D combination each

experiment consists of:
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1. Creaton of random judgments for D DMs for an N elem@roblem

2. Performng 10 runs of clustering k=1 to D and perfong tradeoff analysis of
compromise and objective reduction for each run avitg the averages over
the 10 runs. Total NJR is utilised as the measure of compromise within the cluster
andysis. Through averaging over 10 clustering runs for each data set the

stochastic nature of the clustering is taken into account.

The parameters for th&-means++ clustering andngjle objective optimisatioGA are

the same as for the examples presemntegiections.4

Then from all the experiments we derive averages of the compromise data to determine
trends for the N and D combination. For each experiment new judgments are utilised and
therefore for each the value of tamount of compromise when k=I will be different.
However as for each experiment we analysing ovetherange of k values with regards

to the percentages of compromise in relation to the total compromise found when k=1
we average the data acrdlsese prcentage values of tleeperiments. A flowchart of the
Monte Carlo experimentation process is shownFigure 6.12. Findings from the

experimentation are presented next.

ForNand D
Combination

Create D sets of judgments

HBENE

Perform Clustering Average evaluation Average of E
clustering of the Evaluation of Sruns experiments
datak=1to D
Y

Start next experiment
Create new data

Figure6.12: Monte Carlo experimentation process

Figure 6.13 shows experimental results from 50 experimdatsN=3 and D=20The
average over the experiments is shown as a red line and the upper and lower values of
each k value over thexperiments are shown to highlight the range between the values of
the experimentdVe see that for low k valuéiseapproach generally identifies high lesel

of redundancy from one k value to the next as the steepnémsgoadient of the average

compomise line shows. We additionally seatthis tails off for larger k values.
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Figure6.13. Average Redundancy N=3 D=20

We can visualise this through plotting the rate of change of compromise (andvebject
reduction) over the range ofJalues as shown iRigure 6.14. Here we see that for a
group of DMs there is high redundancy to be found for a small numbevalfiks and
that the approach is effective in discovering it. Tfaneethe approach is effective when

seeking to reduce an objective set such that it will suffer fewer scaling issues.

Experimentatiorhas analysedarious N values for each D valuEigure6.15 shows the
averages of the experimis for a range of N values froghto 5when D=20. From this
we see that for each N value the rate of change is highest for lower values of K but also
that the higher the value of N the less pronounced this rate of cfargeer k-values

is.
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Figure6.14: Rate of Average Redundancy N=3 D=20
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Figure6.15: Average Redundancy over range of N values when D=20

Experimentation also analysed various sizes of Didups.Figure 6.16 shows the

average redundancy from 50 experiments when N=5 and D=50. Again here we see a high
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level of redundancy found for the lowewklues and that this tails off for highewrklues.

So for groups of 50 DBlwe see there is redundancy to be found from grouping the DMs
with low k-values and the approach is effective in discovering this. Therefore again we
see that the approach is effective when seeking to reduce an objective set such that it will
suffer fewerscaling issues.

From the experimentation of the approac
tradeoff between information loss and objective reduction. We have seen that for large
groups of DMs there is a certain amount of redundancy within tresirsvand therefore
identifying it would be useful to reduce
seen how such analysis can helpaerseeto select an appropriatevaluethushelping
both thetraceability andhe validity of a final aggregatianSuch analysis can also aid
sensitivity analysis of the selection of differertddues. The third stage tife approach
then uses each clusterds single represent
MOO.

100%
90%

80% Avg
- = Upper
- = Lower

= (0bj Reduction

70%
60%

50%
40%
30%
20%

% of Baseline conflict/comrpomise

10%

0%
1 357 91113151719212325272931333537394143454749

k-value

Figure6.16: Average Redundancy N=5 D=50

6.3.5 Stage 3:Multi -Objective Optimisation
With the D DMs clustered into C clusters the third stage of the approach utilises the single
representation of judgments for each cluster to perform MOO. The vieseh cluster

are modelled as a separate objective within the MOO process so the size of the objective
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set will be equal to C. From the MOO the approach seeks to find aggregated judgments
sets- Aggregated Consensus Solutiertirough modelling the amati of compromise

each clusterds judgmentGvenamprdbdemygithelanents ep ar
and C clusters,and for eacta completen by n PCM representation aiheirme mb er 6 s

judgments:

060 OO 60 (6.3)

We represent each as a set of apprgachd g me
models arD representation of eachl u sRCM f06hs /B R }, each of which consists
of J judgments § Fé B R , for k = 1 C.éFpr each cluster with a measure of
compromise as an objectiveevseek the set of natominatedAggregated Consensus
Solutions Again we can represent eaeblution as a jugment set of cardinality,
denoted a®\ = & R B Fd . Then from any of the solutions found a preference vector
can be derived.

In a similar way to the approach to aggregate smaller groups of DMs, constraints
could additionally be added thd objectives. In this way the overseer could set thresholds
of conflict for the amount of compromi se
of aggregation. This could be useful for an overseer to define the maximum level of
compr omi s ejudgmemnt setingay Wde@a.

Additionally when an overseer is seeking aggregated consensus solitiohsw
inconsistency then additional inconsistency objectives can be added to the objective set.
A range of inconsistency measures can be utilisedtdseitt over seer 6s pr ef
are Consistency Ratio (CR), number ef8y cycles (L), Consistency measure (CM) and
Geometric consistency Index measu@C(), see Chapter 2 for a discussion of these
measures.

With a front of solutions found from the MO@n overseer can then analyse the
solutions found to ultimately select a single solution. For the set of solutions we could, as
seen in Chapter 5, calculate for each solution a total measure of compromise and from
this identify the global solution(s) frorhé set of solutions found. For example, given a
group of 30 DMs who, by using the approach are clustered into 2 clusters, we could use
total measures of compromise to identify a global solution, as shdwgure6.17, with
the dobal solution shown as a hollow yellow triangle. In this figure the clusters are both
the same size each having 15 members so here the total is derived evenly from each

cluster 6 s ¢ o mpiveathst theeclusters arerderivedrbasedgupon grouping
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DMs with similar views together, it will invariably be the case that the clusters are of
different sizes. Therefore the approach considers the size of each cluster within the
analysis of the set of solutions found from the MOO.

Total: 23

Total: 22
p + Total: 19
0 g \
1/2 of D..MS L 15 /r Total: 18.5
3 ~ oy 4 4
f 4 . Total: 19
-E *’ ‘v'
2
g. E _______ Total: 22
Q P
= £
5 ...... Total: 23
E o -‘. .........
sl @0 &
#7715 | 1/2 of DMs

Cluster 2: Compromise Measure

Figure6.17: lllustration of MOO stage finding global compromise

The approach calculates for each found solution a global level of compromise for the

solution based upon the sol uti on 6tesizeo mpr

of the cluster. In this way we calculate a weighted global value of compromise for each

solution where the weights are determined by the size of each cluster. In this way the

overseer can identify the solution(s) that represents the weighted gpdlteon from the

set of solutions found taking into account the size of each clésteexampleif our 30

DMs are clustered into 2 clusters of siz@sand 18 then Cluster2 contains 3/5 of the DMs

and Clusterl 2/5Then we can analyse the front ofigmns found utilizing the sizes of

the clusters as shownkigure6.18: Left. Here the weighted global solution is shown via

a hollow red circle. In the example as Cluster2 is larger than Clusterl we see that the

weighted globbsolution identified favour€lustel. If instead the 30 DMs were clustered

into 2 clusters of sizes 6 and &¥en Cluster2 would be 4 times the size of Clusterd

its weight would reflect this. In this case the weighted global solution identifiedey th

approach would now be one which heavily favours Clusterl due to its much larger size,

as shown irFigure6.18: Right. Identification of the weighted global solution is useful to

aid an overseer select an aggregated solutionitidddlly such analysis is useful for

automatic selection of a solution from the approach during scenarios where analysis of

the front of solutions is not possible. In such scenarios if multiple solutions share the
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weighted global compromise value thenraf aggregation is derived from the average

of the preference vectors derived from the set of solutions that share this value.
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Figure6.18: Illustration of MOO stage with cluster weights based on clisster

Through consideration of the sizes of clusters in this way the approach has the capacity
to deal with outliers. Given a group of DMs in which a single DM has highly conflicting
views to the other members of the group it may be the case that theg are so
contradictory that they are occupy their own cluster. For such a case during analysis of
the front of solutions a cluster of such a small size would be given a suitably small weight
so it would have little effect upon the identification of theghéed global solution(s), in

this way softening the effects of the outlier. So the approach allows for identification of
such outliers, in itself useful information, and then facilitates the softening of their effects
upon analysis of the solutions. Idiéication of outliers in this way could additionally
facilitate scenarios when an overseer deems an outlier too contradictory and so removes
them from the groupAs well as identifying the weighted global solution, the approach

can facilitates additionahalysis such as:

1. Size thenumber of members the cluster;

2. Preference vector a ranking of t he el ement s
representationt hi s way all owing comparisons b
that of the final aggregation;

3. Information Loss for the cluster for the selected-kalue the percentage amount
of total compromise with respect to when k=1 is identified. This can further be

broken down to identify how much is attributed to each cluster. Taking the 7 DMs
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shown inFigure6.9 for when k=3 we can break down the 37% to reveal 18.5% is
attributed to Clusterl, 11% to Cluster 2 and 7.5% to Cluster 3;

4. Information Loss for cluster member. the information loss per cluster value

when dividedbyaclut er 6s si ze gives a measur e

of total redundancy per DM within the cluster. Taking the 7 DMs showigure
6.9 when k=3, we can calculate that the avelags for cluster membé¢o be 6%
per DM for Clusterl, 5.5% in Cluster2 and 3.8% Cluster3. Such additional

analysis can help reveal information regarding cohesion within the clusters.

6.3.6 Approach for aggregation of a large group of DMsOPCs Discussions
We have outlined the approach to tlggr@egationof PC judgments of &rgegroup of

DMs. The approach tackles the scaling issues when utilizing MOO for group aggregation

when the group is large by utilising clustering to group similar DMs together to look to

reduce the size of the MOO objective sete Btages of the approach have been outlined

along with analysis of the approachos

appropriate k value and pe8tOO analysis. Theaxt sectiorgives examplethat explore

the approach angresentsts benefits

6.4 Examples

In this section, stepy-step examplesf the approach are presented:

1. Example6.1 appliesthe approach to a relatively small number of DMs to illustrate

the approach and highlightd analysis it facilitates;

2. Example 6.2 appliesthe approachto a large number of DM to find a group

aggregation.

For these examples the following parameter settings were emplbgedhe clustering
stagethe kmeans++algorithm isused to group the DMs. During clustering Euclidean
distanceis employed as the distanfunction and maximum iterations were set to 500.
For the MOO, MOCell was employed with tf@lowing parameter settings: population
size of 100 (10x10 grid); maximum evaluations count of 25,88@ction is performed
via binary tournament with single job crossover (with crossover probability 0.9) and bit
flip mutation (with probability 0.01) employedrchive sizeis assumed to be defined by
the overseer in each exampir deriving representational aggregated PCMs for each

cluster each single objeet GA is employed with a population size of 100 and maximum
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evaluations count of 25000. Again selection is performed via binary tournament with
single point crossover and bit flip mutationlised.

The approach is independent of a specific prioritizath@thod and any method may
be utilised to derive a preference vector from any final or intermediate aggregation the
approach calculates. In the example that follow the GM prioritization method is

employed.

6.4.1 Example 6.1: Small DM group

Example 6.1 takes a eglvely small DM group of 6 to help illustrate the approach. For 4
elements the judgments from 6 DMs, along with initial preference vectors, are shown in
Table6.2.

Table6.2.Examp e 6. 1: 6 DMsdé6 Judgment :

DM1 DM2
1 2 3 4 w 1 2 3 4 w
111 1/5 1/2 1/7 0.06 111 3 6 6 0.59
2|5 1 3 8 0.59 2113 1 5 1/2 0.18
3|2 13 1 1/2 0.14 3(1/6 15 1 1/2 0.07
4| 7 1/8 2 1 021 4|11/6 2 2 1 0.17
DM3 DM4
1 2 3 4 w 1 2 3 4 w
111 5 2 7 057 111 1/2 1/3 1/3 0.11
2115 1 3 2 0.21 2| 2 1 2 2 0.38
3(1/2 1/3 1 1/2 0.11 3/ 3 12 1 1/2 0.21
4\11/7 1/2 2 1 0.12 4| 3 1/2 2 1 0.30
DM5 DM6
1 2 3 4 w 1 2 3 4 w
111 2 1/2 7 0.38 111 3 1/2 7 041
2112 1 7 1/2 0.27 2113 1 8 1/6 0.19
312 17 1 1/2 0.14 31 2 18 1 1/2 0.14
4\1/7 2 2 1 0.20 411/7 6 2 1 0.26

In this example TotalSTJD is chosen by the overseer as the measure of compromise to
create sigle representations of each cluster. To aid in selecting an appropviakeek
the overseer analyses a range ofakues, and for each value analyses the amount of

information loss as a percentage of the information loss of the total conflict in the grou
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when k=1. For this example results for k values 1 to 6 are showigime 6.19. We
observe a high rate of redundancy when k=2, with only 30% of the information loss in
comparison to the overall conflict in the group. For subsegvalues of k the amount of
information loss reduction for eachvialue is significantly less. From this we infer that
within this group of DMs there appears to be 2 prevalent views and conjecture that the

overseers will select avalue of 2.

100%
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70%
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’ ——0bj Red

40% ——%TotalSTID
30%

20%

Objective Reduction/Total STID %

10%
0%
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Figure 6.19: Example 6.1: kalue analysis

Giventhat a k value of 2 is chosen, from the clustering stage a cluster of DMs 1 and 4
and a second cluster of DMs 2, 3, 5 and 6 is derived. With TotalSTJD chosersiagt&
objectivePCMs are derived for each cluster to represent their menalssrgwn inTable

6.3. Next weutilise the aggregated PCor each cluster to perform MQ@Ve have an
objective set of 2 objectives that consiststted STJD compromise measure for each
cluster (and an archive size of 50). The resulting objective space from the MOO is shown
in Figure6.20.
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Table6.3: Example 6.1: k=2 Aggreted PCMs

C1 C2
{DM1, DM4} {DM2, DM3, DM5, DM6}
1 2 3 4 w 1 2 3 4 w
1(1 1/4 1/3 1/5 0.07 1] 1 3 2 7 0.52
214 1 3 5 054 2/1/3 1 6 1/2 0.32
3/3 1/3 1 1/2 0.16 312 1/6 1 1/2 0.09
415 1/5 2 1 0.23 41 1/7r 2 2 1 0.18
- o - Initial DM Set
180001 Cluster 1 % - Altered Set
) L] © : Weighted Solution
160.00
140.00 ta
120.00 §

100.00

80.00

Cluster2:STID

60.00

&"Okg(x X x Cluster 2

0.00 X P

-20.00

-20.00 0.00 20000 0.00 &0.00 B80.00 100,00 120,00 140.00 160.00 180.00 200.00

Clusterl:STID

Figure6.20: Example 6.1: k=2 objective space

To aid analysis of the front of solutions we then utilise the size of each cluster to determine
weights for each to be used to identify a weightexbal solution. Here with Cluster2
being twice the size of Clusterl it is assigned a weight to indicate it is twice as important.
In Figure 6.20 we observe the identified weighted solution which as we would expect
favours Cluster2lue to its larger size and subsequent larger weighting. The overseer is
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then free to analyse and select any solution found from which an aggregated preference
vector can be derived. They may choose the identified weighted global solution from
which a prefeence vector can then be derived representing an aggregation of the whole
group of DMs, as shown ifiable6.4.

This exampleshows thatve are able to reach an overall group aggregation rom
group of DMs &GCs. Throughclusteringthe number of objectives was redugcedthis
case from sito two objectiveshelping an oversedo more easily analysthe objective
spaceresulting from the MOOWe have seen hqwlong witha final aggregationthe
overseemwasable to extract variousnowledge about the growgoich as the prevalence of
two distinct views within the groughe next example applies the approach to a much
larger group of DMs.

Table6.4: Example 6.1: Preference vector derivemim weighted global solution

‘ 1 2 3 4
w ‘0.3170 0.3985 0.1260 0.1585

6.4.2 Example 6.2: Large number of DMs

Example 6.2 applies the approach to a much larger group of DMs. The example looks at
a council deciding the location of a new recycling plant withtown bycanvasmg local
opinion. There are five possible locations for the new recycling plarfigee6.21. By
canvassinghe PCs ofL00 local DMs regarding their preference between locations an
overseer utilises the apgach to aggregate and analyse their views.

Recycling
Plant Location

{ A: River Terrace ‘ { B: Market Street t C: Upper Town ‘ t D: Railway Lane

t E: Church Road

Figure6.21: Example 6.2 recycling plant alternative locations.

First the approacblustershe group of DMs based on their viewsalyss over a range

of k-values will help the overseselectan appropriate kalue. With TotalNJR utilised
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as the measure of compromise the analysis of the compromise for the rangauek

from 1 to 10 is shown irFigure 6.22; as the overseer is onigterested in seeking
reduction of the objective set to single figures 10 is the upper limit of this analysis. We
see that there are relatively high levels of redundancy found over the first couple of k
values and then that the rate of change of redulydannd quickly tails off after k=3.
Therefore it may be that the overseer chooses 3 as-thtid. This would represent
nearly40% reduction of information loss from when k=1 and will result in an objective

reduction of 94%.

100%

90% —e
80%
70%

60%

50% * -~

40%

——Percentage of Total Compromise
30%

——Percentage of Objective Reduction
20%

Objective Reduction/Comrpomise %

10%

0%
1 2 3 4 5 6 7 8 9 10

K- value

Figure6.22: Example 6.2: Analysis over range of k values

With a kvalue of 3 the clustering results in clustersiags 40, 24 and 36. Nextsingle
representation PCM of each clustermigge vi ev
objective in each clusterghown inTable6.5 along withtheir preference vectors. From

these cluster representations and resulting preference vectors it appears there are 3 distinct
views with Cluster 1 heavily favourin@hurch Road, Cluster 2 favouring River Terrace
slightly more than Railway Lane and Cluster 3 favouring Market Street slightly over

River Terrace.
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Table6.5: Example 6.2k=3 aggregated PCMs

Cluster 1

Size:40
RT MS UT RL CR w
RT| 1 1/2 1/6 1/9 1/8 0.03
MS| 2 1 14 1 1/9 0.07
Uut| 6 4 1 1/3 1/6 0.13
RL| 9 1 3 1 1/8 0.15
CRI 8 9 6 8 1 0.62

Cluster 2

Size: 24
RT MS UT RL CR w
RTl1 7 3 5 1 0.38
MS| 17 1 7 1/5 1/4 0.08
ut|1/3 1/7 1 1/9 1/3 0.04
RL|15 5 9 1 6 033
CRl'1 4 3 16 1 0.17

Cluster 3

Size: 36
RT MS UT RL CR w
RT|1 4 5 1/8 4 0.28
MS|1/4 1 4 4 8 0.35
ut|1s5 14 1 3 1 0.12
RL| 8 1/4 1/3 1 1 0.16
CR|1/4 1/8 1 1 1 0.09

Next we perform MOO wi t bntata BGM nodelled asear 6 s
separate objective, with STJD employed as the compromise objective for each cluster,
and an archive of 50 define@ihe 3-dimensatiod objective spacérom the MOO from

the viewpoint of Clusterl and ClusterZtsown inFigure 6.23. From the plot we observe

how Clusters 1 and 3 are more similar than Cluster 2 which is the most distinct cluster.

From the set of nhordominated solutions found the overseer is free to amays
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compareall solutionsfor selection from which to deriva preference vectoAdditionally,

by using the size of each cluster to derive proportion weights, the weighted global solution
has been identified and is plottedkigure 6.23. If the overseer chooséke identified
weighted global solutionthen the preference vector derived representing group
aggregation is showin Table6.6. From this final group aggregation we see that Church

Road is the most preferred alternative.

@ : Initial DM Set
700.00 X : Altered Set
0O : Weighted Solution

X X
600.00
1 xx X X o C3
. ®
500.00 x x x x x
; 00.00 x x x x
75! X X X
] Q
‘5 000 x x x x
W X X
= % X
& X %
200.00 x x
XS | x
o X x X
X X C2
0.00 x L ]
-100.00
-100.0 50.0 0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0 450.0 500.0 550.0 600.0

Clusterl:STID

Figure 6.23. Example 6.2k=3 objective space

Table6.6: Example 6.2: k=3 weighted global solution preference vector
‘ RT MS UT RL CR

w ‘ 0.14130.19490.1949 0.184 0.2849

Additionally the overseemay comparé¢he preference vectors from the different clusters
and analys the compromise within each cluster, as showmable6.7. When k=3 the
amount of redundancy as a percentage of totdlicowhen k=1 is 63%. IMTable6.7 the
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breakdown of this 63% for each cluster is shown. We observe for example, that of this
63%, 28% is attributed to Cluster 1, 12% to Cluster 2 and 22% to Cluster 3, suggesting
that Cluster 2 aatains the most agreeable subset of DMs. This is similarly shown within
the calculations of the average compromise per DM for each cluster, which take into
account the size of each cluster to determine the average amount of information loss per

DM in eachcluster.

Table6.7: Example 6.2: cluster measures analysis

Compromise Average Compromise
Size  Reduction % % per DM
Clusterl 40 28% 0.7%
Cluster2 24 12% 0.5%
Cluster3 36 22% 0.61%
When k=3 63% 0.63%

Additionally the tracability of the approach facilitatefurther sensitivity analysis to be
performedGi ven an oV er figueb2?sheyanayaalsy wish so amalyse
when a k value of 2 is chosen and therefore perfaensitivity analysis to sdsow a
different k values féects the result. Witha k value of 2 the clustering now results in
cluster sizes of 60 and 48ingle representations are then derive@adth clustés views

(again with TotalNJRutilised as the objives) as shown ifiable6.8. Here an overseer

can observe that again a cluster of DMs who heavily favour Church Street has been
derived and that the second cluster appears to have more mixed views on the alternatives

(3 alternaitves all similarly preferred).

Table6.8: Example 6.2: k=2 aggregated PCMs

Cluster 1 Size: 40 Cluster 2 Size:60
RT MS UT RL CR w RT MS UT RL CR w
RT | 1 15 1/7 1/7 1/2 0.05 RT |1 9 7 1/8 1 0.28
MS |5 1 1/5 1 1/5 0.11 MS| 1/9 1 5 9 1 0.25
Ut |7 5 1 1/9 1/3 0.16 Ut | 1/7 1/5 1 6 1/8 0.09
RL |7 1 9 1 1/4 0.27 RL | 8 1/9 1/6 1 3 0.16
CR|2 5 3 4 1 0.41 CR|1 1 1/8 1/3 1 0.22
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This time the MOO will be performed with an objective set of size 2 (again with STJD
utilised as the measure of compromise for each objective). The objective space found is
shownin Figure 6.24. Again, through the use of the size of each cluster to derive
appropriate weights, the weighted global solution has been identified and is plotted in
Figure6.24.

@ : Initial DM Set
700.00 C1 ¥ : Altered Set
O : Weighted Sohtion

Cluster2:STJID

100,00 0.00 100.00 200,00 .00 00.00 BONLO0 &00.00 F00.00 800.00

Clusterl:STID

Figure6.24: Example 6.2k=2 objective space

If the overseer chooses this identified weighted global solution then the derived
preference vector from this solution is shownTable 6.9. Here an overseesees that

again in the final group aggregation Church Road is the most preferred alternative, this
along with theintermediate analysishe approach facilates helps the overseer in
validating the final aggregation. Finally the overseer may conjechat the final
preference vector from when k=3 is chosen as here clusters or 3 distinct views were

derived whereas when k=2 the second cluster contained mixed views.
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Table6.9: Example 6.2: k=2 weighted glolsolution preference vector

‘ RT MS uT RL CR
w 10.1235 0.1867 0.1305 0.2268 0.3324

6.5 Conclusions

This Chapter has presented an approathe@ggregation of the PCs of a laggeupof

DMs. Theapproachaimsto tackle the scaling issues that occur whe®As are utilised
within MOO for the aggregation of a large group of DMs. The approach tackles the
scaling issues bfirst clustemg a large group of DMs it subgroupsbased orthe
similarity of their viewsNext from thesesubgroups a single judgmerget representation

of each groufs views can be calculated which are then used as a single objective within
a MOO approachAs the MOO is performed with respect to each cluster of DMs
modelled as a single objective the approach facilitates reductioneofhumber of
objectives compared to when each DM is modelled as a separate objective. The set of
tradeoff solutions between the clusters is then sought via MOO. From all solutions found
a preference vector can be derived that represents an aggregdte®mwbbte group. The
approachfurtherfacilities sensitively analysis of the stages, for exapgsecton of a
different number of clusters or selextiofa different solution from the front of solutions
identified through MOOFrom analysis of the clusting stage and of the objective space
an overseer can discover informatianoutthe tradeoffs between objective reduction

and informatiorioss, as well agdicatiors of the nature of the group of DMs and their
conflict. Additionally the approach incaspates weights of importance of each cluster
based upon the number of DMs it contains and can identify the weighted global
solution(s) from the set of found solutions. In this way the approach is resilient to outliers
as smaller groups of outlier DMs wilk assigned a small weight and hence will have less

impact upon the calculation of a weighted global solution.
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Chapter 7 MOODS: A Web Based Decision
Support Tool

7.1  Introduction

In this chapter a brief overvieaf the MOODS (MultiObjective Optimisation Decision
Support) software tool is presented. MOODS is awabed decision support tool that
implements the theoretical approaches and methods presentedliesigs

The tool implementshe measures of compromise ahé approaches defined for
inconsistency redtion, group aggregation and large group aggregalitiODS is an
interactive wekbased tool that runs in all major browsers utilizing native HTML code
with no plugins or downloads required. keeping with the rationale of the approaches
to enhage decisbn making through traadility and interactivity the interface is designed
to be both flexible and responsieealisation ofthe work via a free webased tool
should facilitate accessibility without the need to download and install software.

Most decisbn support tools are deskttyased requiring download and installation
before use, such &sviz [145], PriEsT[146], IND-NIMBUS [147], Right Choice supef
decisionsandHIPRE[148] (a webbased version is availal&49] however it runs via
a java applet and not in a browsé&farious, more sophisticated wdlased decision tools
exist which are licensbased such as Questfox, MakeltRational, Criterid@cisionPlus,
Smart Picker Prand Expert choice.

The overall architecture design of MOODS is discussed next. This is folloyvad b
overview of the interface implementatiodexample uses of the tool for the scenarios of
reducing inconsistency for a single DM, group aggregation and then larger group

aggregation, are then presented followgdaonclusions.

7.2  Architecture Design

In this section a brief overview of the architecturd®ODSis presented. The elements

of the architecture are shownkiigure7.1. The design separates the presentation layer

and the business logic layer. This separatn s houl d enhance the t
and the reusability of the design. For example, the business logic layer could be easily

utilised within a different type of interface such as a mobile device. All information
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exchange between the browser dhd server is performed via dynamic AJ&Xalls

with no page post backs required, helping facilitate a more responsive and interactive

interface.
Browser analysis update
Browser
] A
. 1
AJAX server calls
v 1
Presentation layer
Clustering Process T 1 GA/MOGA process
Weka < _ Business logic layer = jMetal
- AN~ ry
- - 7 T~ ~ |
-7 NN I
- ya AN S~ |
. L Prioritization Helper Domain
PCM functions Objectives Methods functions classes
Inconsistency Compromise

Figure7.1: Overview ofMOODS architecture

The variouslements of tharchitecturadiagram are outlined below:

1. Browser Interface: The interface is realised with HTML5, CSS and JavaScript.

2. AJAX server calls: During operatiomall data exchange between the browser and
server is performed dynamically via AJAX calls. T h e t fanctior@lly is
implementedwithout requiring any podbacks, helping to create a responsive

interface.

3. Browser analysis update:The tool implements various functionality within the
browser such that calls to the server are not requitbds enhancing the

responsiveness of the system. For example, when solutions are plotted in the objective

13 AJAX is a group of interrelated Web development techniques usedertlientside to create
asynchronous Web applications.
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space the plot can be updated to be viewed from different pairs of objectives without

requiring a call to the server.

4. Presentation Layer: The presptation layer deals with the aspects of the browser
view that require a server call and deals with streamlining the unpacking and packing

of data between the browser and the business logic layer.

5. Business Logic layer The business logic layer deals witte main functionality of
the toolas well asinterfacing withutilised library packagesRealised in Jav#his

layeris splitinto modulesof functionality, as follows

a. PCM Function: Functionsto represent, analgsand process DM judgments.

b. Objectives Each objective usable within the tpbbth those of inconsistency
measures and those of measures of compromaige implemented to a
consistent design. This allows for ease of processing of objective sets as well
asallowing ease of extesibility of the gpproachdue to theuse ofreflection'*
for objective evaluation A new inconsistency measuuld easily be
implemented in the framework as a new object®ieilarly a new measure
of compromise could easily be implementedthe framework simplyby

defining a new objective.

c. Prioritization methods: All prominentmethods have been implemented and
can be utilised in the tool based on user preferences. Througbrtbistent

implementation design additional methods can be swiftly implemented.

d. Helper functions: Various utility functions of more general programming

functionally are contained within the helper functions module.

e. Domain classes (for jMetal):The tool interfaces with jMetal (see below) and
for our approaches domain classes have been creatadNtetal interfaces
to define domain problems, describing how our problems are defined and

encoded.

14 Reflectionallows methods calls to be evaluated at runtifh&7]. Therefore a new objdee coud be
implemented and reflectdny its name without the program being aware of its existence at compile time.
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6. Machine Learning (ML) Packages: To aid in performing the various machine
learning algorithms employed within our approaches the architecture interfabes wit
two ML packages.

a. jMetal: Metaheuristic Algorithms in Ja@Metal) is an objectoriented Java

based framework for mulbbjective gtimization with metaheuristid450]

b. Weka: A collection of machine learning algorithms for data mining tasks
[151].

7.3 Interface Implementation

The t ool 0 gealised withitHTMLBE, €SS asd JavaScriNp applets or flash
plugins are requad and the interface runs in most browsers. The layout of the various
sections of the interface is shownRigure7.2. Next an outline and discussion of each

section is presented.

7.3.1 Problem Setup

A problem is setupvia the Problem setup panel. A screenshot ofRteblem Setup

section is showim Figure7.3. First the number of DMs and the number of elements of
the problem can be chosenh®h utilised to reduce inconsisteracgingle DM is selected.
Change to either of these parameters triggers the creation of an appropriate number of
elicitation PCM panels within the interface (see Secti@?.

Within the MOGA Setuppanel the algorithm to usaiw be selected; MOCell is the
default algorithm, however other algorithms can be utilised. Additionally the significant
parameters of the archive size, defining the number of solutions that will be presented to
the user and the number of evaluations tdqoer are selectedAdditional MOGA
parametersuch as those relating to crossover and mutation can be defined within a
folding tab that is revealed through hovi

Within thePost MOO Analysipanel the user can setup how the fosalditions for

group aggregation will be analysed. The colour scheme used to denote certain types of
solutions such as red for weighted sol ut
tables and charts. The user can check which analysis (if anyengerformed: Global
compromise analysis, Weighted global analysis and/or Fairest compromise analysis. The
anal ysis can be dynamically updated eit he
of importance areipdatel or DM constraints are updated f#ating swift sensitivity

analysis.
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1. Problem Setup 5. Clustering Setup 7. Clustering

Evaluation
6. Clustering Results
2.DM 2.DM
e L. 3. Objective Space e
Elicitation Elicitation

4, Table results

Figure7.2: Overview of Interface

Performing the initialisation command will calculate the inconsistency values for each
DM6s judgments as weelvdctorarsd ranking af thhdir futigments. p r
The user can select the prioritizatioetimodto be utilised.

Finally the tool allows for problems to be saved and loaded. When a problem is saved,
the parameters relating to the problem along with the dataébr @M are saved within
a text file (upon the wuseré6és | ocal mac hi
re-load a previous problem, once loaded the settings are populated along with all the DM

elicitation panels.
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Problem Setup

No. of DMs 1
< Selection of the number of DMs and elements
No. of Elements g
MOGA Setup / Choice of MOGA and their parameters

MOCELL '® NSGAII SPEA 2 ("'
Solution Count: 10
Evaluations 25000
B‘Iore...

Post MOO Analysis Post MOO analysis selection and

v |‘\.‘\'e:§_‘]ne{i ’ H rest @ \ _/ dynamic sensitivity analysis

A
UpdateWeights || UpdateConstraints

PM: | GM v || Initalise all PCMs \
N

Execute MOO

\ Calculate initial inconsistency values and
Save and Load Problems preference vectors for each DM

Problem Name. .. Save Problem

Load Problem From File

Choose File | No file chosen

Figure7.3: Problem $tuppanel

7.3.2 DM Elicitation
With the number of DMs and number of elements chosen the interface automatically
generates the desired number of DM panels to record the judgments of each DM. DM

panels are presented one afémother on either side of the objective space panel. A

screenshot of ®M elicitation paneis shownin Figure74. Each panel 0s ti
the DM number along with the weight of importance of the DM. Implgsttas a HTML

5 slider bar each DM weight of importance can easily be altered to aid swift sensitivity
analysis.

The measure(s) of compromise that will be used as an objective to seek solutions
with minimum alteration to the DM judgments can then becsete Additionally
constraints can be set upon any measure of compromise measure chosen, where upper
and/or lower values for the compromise measure can be set.

The PCM for the DM is represented as a table of dropdown boxes from which a value
from the PC sale employed can be selected. In such a representation the judgarents
be elicited in any ordegndchanged any number of timée tool implements the-Q
scale, however this could be extended to implement additional scales. Additional scales
would simply require the judgment dropdown boxes to be populated with the new range

of possible values. In the PCM representation the trace of the matrix boxes are set to 1
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and uneditable, and when any judgment is defined its reciprocal judgment is
automaticallyset helping to ensure correct entry.
After initialisationi s per f or med

from the probl em

S

are utilised to calculate the initial inconsistency measures and preference vector for each

DM. The prioritization nethodused to calcate the ranking is selected from the problem

setup panel.
DM1
=
Weight: 1
Change Objectives
NIV TID L) STID ¥ NIR <
U: -1 1 1 1
L: |1 i 1 i Rl
Y3 v|7 v|1g |4
13 v |1 |4 ¥ |3 ¥ |5 v
T v |14 - TIUI |3 7|
8 v|1U3 |3 +v|1 ¥v|19 ¢~
14 | 1Us v |13 r|5 |1 ~

CR:1.2804 L:3.0 CM:0.9965 GCI:18.3562

PV (GM)
1 2 3 4 5
0.29 0.33 0.09 0.17 012
8l

Ranking: 3 =35 =4 <1<

*-

The DM number and their
weight of importance

Measure of compromise
objectives to be used

Constraints upon any
compromise objective

PCM of DM Judgments

DM initial data of Inconsistency
measures and preference vector

Figure7.4: DM Elicitation panel

7.3.3 Objective Space

Visualisation ofsolution sets found visMOO as well as additional MOO setup options

are contaied within the objective space paneA screershot of an objective space

showing a set of solutions fourthiring a reduction of inconsistency for a single DM

scenario ishown inFigure7.5.

When inconsistency mea®s are to be utilised as objectives within the MOO process

they can be selected in tbhejective space panalong with any constraints upon their

upper and lower values. The CR, L CM and GCI measures can all be utilised as

inconsistency reduction objeess.

A plot of the objective space and options regarding what is shown in the objective

space and from what perspective make up the rest abljeetive space panelhe

solution set found via MOO is passed to the interface from the server and thensolutio
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are plotted in the objective space with respect to two of the objectives. The user can
dynamically update the plot to view the solutions with respect to any pair of the
objectives. By selecting different objectives as the x and y axis the set of s®lcdio be
viewed with respect to any pair. Any change in an axis and subsequent updating of the
plot is performed within the browser allowing for swift analysis of the objective space to

be performed.

Objective Space

Inconsistency Objectives 4 Additional MOO
CRW® CMUJ L) GCI objectives
Constrains U: -1 -1 -1 -1 B Additional MOO
L N e B R M ohjectives constraints
M-Awxs | CR v | Y-Axis DM1:STID ~

Objective space
view perspectives

—

200.00 - \
M Altered Sets
an

|
i 1 B initial Sots Solution types shownin
F : objective space toggles
|
600 1
|
% |
500.00 !
|
A |
E 4 X 1
B |
z |
E 300.00 A
a 1
I x
200.00 1
|
I X
100 1
i X
1 X
X
1 Xe
|
|
-100 1
0.10 0.10 2 3 0.40 It & 070 8 o

Consistency Ratio
Figure7.5: ObjectiveSpace pnel

Post MOO analysis, regarding processes such as global compromise calculation, is
done to identify various solutions within the solution set, such as, for example, the global
solution(s). The display within the objective spatéhe different types of solutions that
are identified, such as global solution(s) can then be toggled. The different types of
solutions are altered solutions, global solutions, weighted global solutions and fairest
solutions. Additionally initial solubns whi ch represents each
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judgments can be plotted and toggled within the objectives space. Moreover for
comparison analysis the display of a solution found during group aggregation from the
GMM can be toggled.

Additionally for objectives that have recommended threshold values, such as the CR
or the GCI, the threshold values are highlighted in the objective space plot via a dotted
black line. Furthermore any constraints set upon an objective are shown within the
objective spacewhen viewing the objective space with respect to that objective) via a

dotted red line.

7.3.4 Table Results
As well as visualisation and exploratory interactive analysis of the solutions within the
objective space the solutions are displayed withirighke results panelA screenshot of

table results calculated during a groggregation of 2 DMs scenarioshown inFigure
7.6.

Each solution showing: inconsistency measures, measures for
Save solution set table each DM, total measures and preference vector for the solution

/
P4

SaveSolutionSet

comparison solutions Solution Results

table shown
Comparion Solutions

Consistency DM:2 Totals PV (GA)

s CR CM L &I NIV SIJD NJR TD NV NV TID STID NJR TD NV NIV TID SIJD NJR TD NV 1

onsistency DAL1 DAL:2 Totals PV (GM)

GCl NJV TP STHD NR TD NV NIV TID SWD NJR TD NV NV TD SWD NJR TD NV 1 2 3 1

1;“"‘ 03138 09524 00 35964 90 280 1280 20 1135 20 80 130 250 03 1163 10 170 410 150 25 298 30 008484 02004 003212 02564 04063

2 xh 02385 09333 00 4993 20 220 720 20 1157 20 90 190 3550 03 1L73 10 170 410 1270 25 2330 30 008108 01814 004961 02891 03989
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view..

Figure7.6: Table Resultsanel

Each ow displays the data for a single solution: the solutions inconsistency measures, the
values of each measure of compromise for each DM, the total values of each measure of
compromise and the preference vector derived from the solution. The preference vecto

is derived utilizing the prioritization meth@@lected within the setup panel. Clicking on
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any row displays the sol ut -4davn box bejow theg me n t
solution row, as shown iRigure7.7; here from the same solon setthe 3s ol ut i on o
judgments are viewed. This allows the judgments of multiple solutions to be easily
viewed and compared by the user. The rows utilise the same solution type colour scheme
as the objective space allowing easfeidentification. Additionally for comparison
analysis,data relating to the solution found wiee GMM during group aggregatiois

also displayed within thpanel. Finally thesolution setable can be saved (locally to the

uses machinejor storage ofurther analysis.

Solution Set
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o aliale b weimrn nIA AN NN San?  on

Figure7.7: Table Resultpanel withexpandedudgmentpanel

7.3.5 Clustering Setup
For scenarios involving aggregation of a large group of DMs the tool facilitates the initial

clustering sige of the approach outlined in Chapter 6 withindlnstering setup panel

A screenshot of the clustering setup panel is showiguare 7.8. Before executing the
clustering the user selects the number of clasiewell as the clustering algorithm to be
utilised. The kmeans++ approach is the default algorithm althoughelans can be
selected for comparison purposes. Future work could make available a number of
additional clustering algorithms to compare.

Fromthe clustering a single representation of the views of the members of each cluster
are then calculated. The total compromise measure to be used within the optimisation
process to derive these single representation is then selected by the user.
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When the clstering is executed the clustering setup information along with all the
DM judgments are passed to the server. The clustering in then performed followed by
calculations to derive single representations for each cluster. The clustering results panel

is thenpopulated with the resulting data.

Numbers of clusters and clustering
Clustering Setup algorithm selection

Clustering Approach | kMeans++ v

Number Of Clusters 2

Selection of the measure of compromise
< what will be used as single objective to
derive single representation for each cluster

Group Change Objectives
TNV © T:-TID @ T:STID = T:NJR

Execute Clustering

Figure7.8 Clustering Setup panel

7.3.6 Clustering Results

The clustering results panshows the overall clustering evaluation along with the data

for each cluster and itsngle PCM judgment representation. A screenshot of clustering
results for when k=2 is shown Figure7.9.

Firstly a table of overall clustering statistics is presented representing the overall
compromise values wolved in the clustering. (A single compromise measure is selected
to seek single representations for each cluster, this table displays the data for all
compromise measure totals from the single representations).

Then the data for each cluster is presemigldin a separate panel. For each cluster
its size and corresponding weight of importance based upon its size is displayed. The
weights are also editable giving a user additional control to adjust and override weights
as desired. Next the compromise valueof each c¢clusteros singl
along with the list of the DMs in the cluster.

With each cluster to be used within the MOO stage the measures of compromise of
objectives for the cluster are selectable along with any constraints oné¢btvals. The
single representation PCM of the cluster is then displayed along with initial data relating
to the inconsistency measures of the <clu
from t he c |Thesprieitzdtisn n#thGdvised to calcule the ranking is
selected on the problem setup panel.

Below the panels of each cluster any additional inconsistency objectives to be utilised

within the MOO stage can be selected along with any constraints. When cluster
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aggregation is performed the judgmeof each cluster are utilised along with the selected
compromise objectives (and any inconsistency objectives) and then the set of solutions
found are passed back to the browser and displayed within the objective space and the
table results area. Analigsto aid the selection of an appropriatedtue can be performed

within the clustering evaluation panel.

Clustering Results
Num of Clusters =2
NJV TJD STJD NJR
Totals 19.00|33.00|69.00{3.500 —— Oy erall Cluster statistics
Average Per Cluster|95 |17 |33 13
Average Per DM [3.8 |66 |14 0.50
Cluster: 1 Cluster: 2 B Cluster size and corresponding
size:2 size:3 h weight ofimportance
weight:| 0.400 weight:| 0.600
Total NJV: 8.00 Total NJV: 11.0 Cluster representation
Total TID: 15.0 Total TID: 18.0 ¢ compromise values
Total STID: 33.0 Total STID: 36.0
al NJR: 0. al NJR: 2.5 . .
Total NJR- 0.0 Total NJR- 2.5 == List of DMs that are in the cluster
DMs{1.4} DM:s{2.3.5) o«
Change Ohjectives Change Objectives
NIV TID LISTID # NJR NJV LI TID LI STID # NJR L = Cluster objective of
- - compromise and constraints
: 1 -1 -1 -1 : -1 -1 -1 -1 ‘.-
Li |1 = = = L o N r v for MOO stage
1 v |14 v 1zv|1Ew 1 v|3 »|3 «|7 ~
4 vi1 v|3 vi5 ¥ x|l ¥|8 Y|l V| e Cluster judgements
2 v|iv|1 v|1zw W2w|WEw |1 |12
5 v|lYev|2 v|1 v w1 »|2 v|1
CE:0.1239 1:0.0 CM:0.8400 GCIL:1.2555 CER:0.1590 L:0.0 CM:0.8000 GCI:1.6302 i .
PV (GM) PV (GM) L Cluster inconsistency measures
1 2 3 : 1 2 3 : and preference vector
008 | 054 | 015 | 023 0355 | 022 [ oo8 | 014
Ranking: 1 =3 =4 =2 Ranking: 3 =4 =2 =1
Inconsistency Objectives .
CROLO oM GCI Execute Cluster Group Aggr.eganon
Execute Cluster Aggregation
Us 1 1 1 1 Additional inconsistency objectives
L: 1 ! ! ! and constraints for MOO stage

Figure7.9: Clustering Resultsgmel

7.3.7 Clustering Evaluation
To aid in the selection of an appra@te value for the number of clusters, analysis can be
performed over a range of cluster values to reveal knowledge about the group and their

views. In theclustering evaluation pan#he user can define the upper k vabfethe

clusteringanalysis. Oncex@cution of theanalysishas begun th®M data along with the
clustering parameters from the clustering setup panel are passed back to the server and
the clustering iteratively performed for k from 1 to the upper value chosen. After-each k

value clusterings performed the results for that k value are passed back to the browser
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and a new row added to the table, this way progressively displaying the results to the user.
For eachk value the total measure of compromise that occurs during creation of single
representations for the clusters is shown along with the percentage of compromise with
respect to when k=1. The percentage of objective reduction achieved for the k value is
also shown. Additionally the table of analysis data can be saved (locally to thé isse
machine) for storage or further analysis. A screenshot of clustering analysis for group of
5 DMs is shown irFigure7.10.

Define upper values to
perform clustering to

Clustering .-\HM
Fork=1to 5 Execute Save Analysis Table
0/, — 0/, i
K|Total NJRINJR per DM| ° °f k=1 Vo of obj
| | compromise reduction
1 9.0 1.8 100 80
2 25 0.5 28 60
3 25 0.5 28 40
4 1.0 02 11 20 k\
5 0.0 0.0 0 0
3
For chosen measure of .
cot § The percentage with The percentage of
compromiseto create respectto when k=1 objective reduction

single representations from

Figure7.10: Clustering Evaluationgmel

7.4  UsageScenarios
Presented next are examples of the use of MOODS for the 3 scenarios of objective

reduction for a single DM, group aggregation and large group aggregation.

7.4.1 Reducing inconsistency for single DM

MOODS can be utilisetbr the scenario ofeducing inconsistency for a single DMn
example of the use of MOOD®ithin such a scenario is shownkigure7.11. Here &

the user is interested in reduction of inconsistency for a single DM the number a§ DMs
set to one and then a single DM elicitation panel is created. All options relating+o post
MOO analysis for group aggregation are unchecked. The judgments are then entered into
the elicitation panel, and the compromise measure of TJD is selectedy Bafalle the

MOO is executed additional inconsistency objectives or CR and L are selected within the
objective spaceExecution of MOO for this dbjective set ighencarried out and the

solution space is populated with the solutions from the perspedftithee axis chosen,
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here initially CR and TJD. The user can see the nature of the objective space from this
view. The user can then additionally analyse the solutions returned further through
altering the axis views selected to view the solutions fronpéngpective of CR and L.

This way the nature of inconsistency within their judgtads revealed to the usek.
constraintadditionally caradded tdheL objective of Oi asthe user is only interested in
solutions without any 3vay cycles. This new objetve spaceviewed from the
perspective of CR and TJ2n be analysed by the useérom this view of theonstrained
objective space the user could then select the first solution found CR below 0.1,
highlighted with a dotted circle at the bottom Fifure 7.11. This would represerd

solution without any cycles and with CR below.0.1

7.4.2 Group Aggregation

MOODS can be utilised within a group aggregation scenario. An example of the use of
MOODS for 3 DMs seeking to reaa@hconsensus utilizing constraints is showFRigure

7.12. With the judgments from each DM entered and with TJD as the measure of
compromise to model each DM an initial set of solution can be found via MOO. From
this the nature of the conflict between the 3 DMs is revealed along with both the global
solution and the fairest solution. With this knowledge of the initial objective space the
DMs can then add realistic and feasible constraints to drill down into thetiobjepace

to seek to reach a consensus. With the added constraints the objective space then contains
only 5 solutions. Analysief the objective space and the table of solutioha small

subsesuch as this imuch easier than the initial larger sesofutions.

7.4.3 Large Group Aggregation

Moods can be utilised for aggregation of a large group of DMs. An example of the use of
MOODS to aggregate and an aFigyes.@3 Frthe daxaMs 6 v
of the 100 DMs can be read in from a file, which then can generate and populate the 100
elicitation panels. To aid the overseer in the selection of an approptatadtheycan
perform analysis of the clustering for k values 1 tdV&th k=2 chosen by theverseer

the clustering then results in a single representation of each cluster being derived, along
with analysis of the clusters, their members and the compromise involved in reaching the
single representations. With STJD chosen as the measure of cosypmiective for

each cluster MOO can be performed to find the set of ‘#idsolutions as well as
analysis of the weights of each cluster to identify the weighted global solution. The
inconsistency measures of the PCM of each cluster shows high CR salthe overseer

can then add an additiondf 8bjectiveof CR withan upper limit constraint of 0.1. The
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3-dimensional objective space then only contains solutions in which the CR is below 0.1

and the newly weighted global solution can be chaselits CR will be less than 0.1

7.5  Conclusions

This chapter has outlined the development emplementation of the MOODS web

based decision support tool. The tool implements the novel approaches to inconsistency
reduction, group aggregation and large group agtjmgaresented in this thesishe
rationale for the design choices and an overview of the system architecture have been
discussed. The interface design has been presented and the interface eXptametes
have been pr esent ed beodfscenaries: redoang idconsistene i n
for a single DM, performing group aggregation and performing large group aggregation.
There are many enhancements and extensions that could be implemented in future
versions of the tool such as integrating a datlfas more persistent data storage and
developing a mobile phone interface extension. Such areas of development as well as
future investigations of the approaches presented in this thesis are discussed in the next

chapter along with overall conclusions.
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Figure7.11: MOODS use during single DM inconsistency reduction
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Figure7.12 MOODS use during group aggregation
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Figure7.13: MOODS use during large group aggregation
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Chapter 8 Conclusions and Future Work

This chapter first summarises the contributions of the research before exploring future

areas of investigation.

8.1 Summary

This research has proposagproacheshat seek toenhanceraceability transpareng

and auditabilityto help facilitate aicher decision makingrocessADMGO s | ud g me n
undergo alteration during scenarios such as inconsistency reduction, or when looking to
reach a groupggregation withother DMs. Tracability within such scenariogeveals
knowledge of the scenario helping to create a rieimer more comprehensible process,

and aidvalidation of the scenario outcome

A range of measures of compromise have been defined to measure the amou
alteration a DM6és | udg mehede measuresl ek goagivean s
DM semantically meaning information of the amounalérationtheir judgmentdave
undergone to aidnderstanding and traceability of such scenaiibg. set of masures
offer variousemphasi®f compromise to suit different scenarios and DM preferences.

As inconsistencyvithin a set of judgments adversely effects the accuracy of a derived
preference vectoits reduction is an important consideration. A new apghoto the
reduction of inconsistency within a set of judgments has been proposed. Unlike previous
approaches the approach is not restrictive upon the type of inconsistency reduction it
achieves. Al teration to a DM6és jesdfgment
compromise. Through modellingdonsistency andlterationasseparate objectivabe
nature ofthetrade f f s i nvol ved between reducing in
views is revealed. The approach additionally facilitates constraintse teebupon
inconsistencyandcompromise objectiveso define target thresholds of inconsistency, or
levels of alteration allowable in the pursuit of inconsistency reduction.

For many realvorld decisions the opini@of multiple DMs isutilised, either o avalil
of their combined expertise or to incorporate conflicting views and experieAoes
approach has been proposed for the aggre
the approach the alteration to e &a&eulingDMo s

the measures of compromisghe amount otompromise of each DMs | ud g ment
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revealed during aggregationwhich enhances the traceability and validity of the
aggregation process. Interactive analysis regarding global compromise and fairest
compronise aids a group towards reaching a consensus. The ap@dditionally
enablesconstraintsto be set by DM as well as DM weights of importance to be
incorporated dynamically into the aggregation process. The approach can also seek to
reduce inconsistay during the aggregation process.

Scaling issues were identified through investigating using the newly proposed
approach to group aggregation for increasingly larger groups of DMs. As a result an
approach for the aggregation of a large group of DMs wagosed. The approach first
utilises clustering to group the DNdased upon the similarity of their viewsext a single
representation of the views of each clust
to reach group aggregation with each clustedefled as a separate objective. As the
approach seeks to group similar DMs together before creating a single representation of
each group it facilitates reduction in problem complexity through lookindgetatify the
redundancy within the group. Additidranalysis over a range of cluster values aids the
selection of an appropriate number of clusters.

A Multi-objective Optimisation Decision Software (MOODS) tool has been
developed that can be employed within multiple scenarios. Thebeasdd decision
suppat tool can be utilised by a single DM looking to reduce and understaaid
inconsistency implementing the new approach to inconsistency reduction. MOODS can
additionally be utilised within group decision making and implements the new approach
to group ggregationFurthermore MOODS can heilised for the aggregation of a large
group of DMs and implementee newapproach to the aggregation of a large number of
DMs. The t extersibfes design facilitates future development tbe easily

implemented intats framework.
8.2  Future Work

8.2.1 Modified Measures of Compromise
Future work could investigate more closely the relationships between the measures of
compromise, and to then seek to define additional measures that look to combine the traits

of multiple measuretgether into modified measures of compromise.
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8.2.1.1 Correlation analysisof Measures of Compromise

Investigationsof the relationshig betweenthe measure®f compromise couldook to
analyse, through experimentatiocgrrelation between the measurésr a range of
elementvalues, ve could ceate a random set of judgmerisd then through single
objective optimisationlaninate the inconsistency in the judgmerits @xamplereduce
CR=0, which will also result in L=ONext we could alculate the values dfie comprise
measures to reach the set of consistent judgméhén for each experiment a measure
of the Pearson correlatidi52] could be calculatebetween each pair of measures of
compromiseand averages calculated over a large number of experiments.

Results from initial testing of such experimentation and calculatedlaton values
whenN=5, are shown irifable 8.1. We see that at from TJD and STJD measures
(which both are deviation measuréds? level of correlation between the pappears to
bebelow?2/3. We additionally plot the results ocduchexperimentationfor example the

values of NJR and STJD of the initial experimentationshevn inFigure8.1.

Table8.1: Correlation baveen measures of compromise, N=5

NJV  TIJD STID NJR

NIV |1 0.367 0.209 0.285
TID |0.367 1 0.943 0.69
STJD [ 0.209 0.943 1 0.592

NJR |10.285 0.65 0593 1

From this visualisation we sdleatthereappears to be general positive corretian
between thesavo measures, howevéte higher the level of initial inconsistency (and
thus the higher the amount of compromise required to reach full consistency) the less
correlated the measures app@duis couldbeanalysedurther to see more specifically if
we oberve less correlationwith higher initial inconsistencyFurthermore analysis
looking at a range of N values would help to reveal patterns between the levels of

correlation and the value of N between the measures of compromise.
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Figure8.1: N=5. STJD and NJR correlation

Our initial correlation experimentation suggest that although thppears to be
positive correlation betweetihe measure of compromiseghey defire compromise in
different ways. Hrtherexperimentation of such correlation is an interesting avenue of
investigation. Additionally as the measures of compromise deficompromise in
different ways a ricbr measure might be possiblbat looks to combinghar traits

together.

8.2.1.2 Combined Measures adCompromise

The analysis of th@alue of a measure of compromise over the range of scale values
presented in Chapter 3 for each of the measures showed vithallyifference in
emphasis ofach compromise measure. For exampgHR focusesuponwhen a revisal

of a judgment has occurredthout consideratiorof the strength of preferencehange,
sobetweenra judgment of 2 and a judgment oNIR=0. Conversely TJDonsides the
amount of changwithout consideratiorof when a reversal has occurrékdereforethe
deviation between 2 and % is seen as bgation compromise that the deviation
between 2 and 9. These two example judgments are shdviguire8.2 along with their

TIJD and NJR measure$urther investigatins ould see if richer measuie of

compromisecan be defined that look to consider the traits of multiple measures.
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A new measure for example, cddde one that looks to considéoth deviation and
reversalswithin its calculation To help consider this d*Judgment is shown ifFigure
8.2, which involves Ireversal and a deviatioralue of 7. Measured via JD this 3rd
judgment is seen aseing atthe same level of compromise as thé&%3gudgment, and
measured via NJR this%3udgment is seen dming atthe same level of compromise as
the T judgment.Yet we could conjecture thateé 3¢ judgmenthasundergne greater
overall alteration than the’lor 2'¢ judgment. @e possibleway we couldinvestigate
looking to define a measurthat considers deviation and reverstgethercould be
throughutilising the deviation measure of a judgmevith an addedmodfier mto give
emphasido when a reversal has occurred (and whdralf reversal®occurs asn/2), as
illustrated in Figure 8.3. Such a measure might be termdddified Total Judgment
Deviation MTJD).

Figure8.3: Total judgment deviation with reversals modification measure.
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Further analysis couliehvestigaterationak and formalisation of an appropriate value for
m. If we initially conjecture that a reversal should represent mongpromise than any
deviation without a reversal (wheilizing a bounded scale), thevhen using the -B
scale the largest amount of deviation without a reversgl 2 should represent less
compromise than the smallest deviation that also represeenersal, which is A 2.
Through analysis ahe compromise othejudgment ¥2A 2 over a range of differem
valueswe summarise thah needs to be at least 6 to fulfil this ratiocmalVhenm=6, %

A 2 will measure 2 6 = 8 greater than & 9, which willbe 7.

Whenm=6 the value oMTJD across theange of values from the scalesisown in
Figure 8.4. From this we observéhe emphasis of a reversal upon the measure.
Additionally we observe that iipholdsthe initial conjecture that a full reversal should
represent more compromise than the lardesiation without a reversal. In the plot, we
observe that the compromise value of a judgment of %2, altered to 2 is greater value than
the compromise value of a judgmengitered to 1/9.

25

20

15

MTID

10

o<
/9 1/81/71/61/51/41/31/2 1 2 3 4 5 6 7 8 9
Judgement Value

0

Figure8.4: Modified TID(MTJD).

An investigation of such ideas to combine the traits of the measures of compromise would
be of interest. Further analysis could look to more formalljhdesuch combination
processes as well as considering the other measures not considered above, STJD and NJV.

From such analysis could we define a complete measure of compromise? Or could a
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modified measure be defined that looks to actively incorporate! & preferenc

the measure, thus defining their sentiments towards compromise into a measure?

8.2.2 Additional Clustering Work
Various future investigations regarding the clustering approach could explore, analysis of
clustering distance functions, analyf utilizing different clustering algorithms and

analysis of utilizing preference vectors as clustering inputs.

8.2.2.1 Clustering distance function analysis

When clustering data points within algorithms suclk-&i3eans, the similarly between
data points is detmined via a distance functiotiat looksto cluster together data points

in close proximity. The most commonijtilised distance measure is that of Euclidian
distance[153]. Given two points we determine the Euclidiastdnce btween them
across theirdimensions viathe Pythagorean formulaWithin the approach to the
aggregation of a large number of DMs a set of judgments from each DM is utilised as the
input to the clustering stage. We can discern that the Euclidian distaasames similar

to the compromise measures that are focused on deviation, without consideration of, for
example, judgment reversalBherefore further work could investigate enhancing the
clusteringstagevia explicitly incorporating consideration tfietraits of the measures of
compromisdanto the clustering proces® seek a richerlustering resultTwo possible

approaches to investigate achieving this could be:

1. Creating a custom distance function, which take into consideration more complex
calculatons to determine the distance between instances to be clustered. Such a
function could, for example, look to determine distance between DMs taking into
account the amount of deviation between their views but with added consideration

to emphasise when a ergal occurs.

2. Modify the encoded input vector of each DM before clustering, for example, by
adding emphasis to reversals before clustering begins. For example, we could take
the deviation measure of a judgment adda modifierm to give emphasigo a
reversal (andadd a modifier of m/2 for a half reversals), similar to the method
shown inFigure 8.3. In this way we could modify an encoded judgmenttset

incorporate emphasis for reversals before the clusteimgg st
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8.2.2.2 Analysis of different clustering algorithms

Within the approach for aggregating a large group of DMs the use ofrieaks++
clustering algorithm facilities a swift and stable clustering solution. Analysis over a range
of k values aids selection ohappropriate #alue. Further work could investigate and
compare the use of different clustering algorithms and their applicability within the
clustering stage of the approach.

For exampleHierarchical clusterin§l54] could be employed to cluster a large group
of DMs either top down, iteratively splitting a single cluster into many, or bottom up,
iteratively merging clusters into one. Such an approach waoeld teveal a trail of the
process of splitting or merging which can be visualised as a tree structure. An illustration
for 6 DMs is shown irrigure8.5: Left. Hierarchical clusteringas with kmeans, needs a
user to define the maber of clusters to group a set of DMs, however as the distance at
each iteration is calculated a distance threshold value could be defined to stop clustering
when the threshold is reached. Additionally performing clustering from all DMs in
separate clustse to all DMs in a single cluster would allow swift sensitively analysis of
selecting different numbers of clusters.

Similarly fuzzy clustering could be investigatéastead of hard clustering such as k
means where every DM is assigned to only a singistet we could investigate fuzzy
clustering of DMs utilizing Fuzzy ®neans (FCM]155]. With such an algorithm after
the clustering stage each DM would have a set of membership values of the probability
they belong to each cluster, as illustratedFigure 8.5: Right We could look to
incorporate this membership data into the stage of creating single representations for each
cluster. We could also look to perform sensitivity analysis over various single
representations of a cluster over a range of threshold of membership values.

Additionally the DensityBased Spatial Clustering of pflications with Noise
(DBSCAN) [156] algorithm could be investigated. This algorithm looks to group
togetherinstanceghat are closely packed, that is instances which imaary nearby
neighbourslts densitybasedapproach would additionally allow for the identification of
instanceghat lie alone in lowdensity region®f the clustering space. In this way the
algorithm is robust against outliers affecting the results aaldl adentify outlying DMs
during the clustering stag®/e couldthen alsohave more explicit consideration of
outliers to help look for malicious users trying to skew resttis could be an important

area of investigation for a very large group of Dhgalved in crowd sourcing activities.
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Figure8.5 : Left: Hierarchal clustering. Right: Fuzzy clustering

8.2.2.3 Utilizing preference vectors as inputs

Another area of future investigations could be to look iesatpreference vectors as input

from each DM for the clustering stage. Then the approach could cluster DMs utilizing
different approaches to elicit their views; any method that enables creation of a ratio
ranking of elements could be utilised. Such anra@g@gh would have to consider how
single representations of each cluster 0s
vectors as input the approach would then look to derive a preference vector as a single
representation. This stage could utilise prefererector evaluation measures such as TD

or NV as objectives to look to create a preference vector that is representational of the
views of a clusterdés members. These sing
the MOO stage, again using prefereneetor evaluation measures such as TD or NV as

objectives.
8.2.3 Further investigations of large objective set optimisation

8.2.3.1 Tackling scaling issue stagnation through total objective measures

Further investigations could look into alternative approaches to tg¢kknscaling issues

of aggregation when the number of DMs is laiyéen stagnation occurs within a large
number of objectivesn interesting observed occurrence is tiegt addition of the
correspondig Total @mpromise measure into the objective atgviates some of this
stagnation. For example, when 20 DMs are aggregated each modelled as a single
objective with say STJD, the stagnation that occurs during MOO can to some extent be
alleviated through the addition of a*Xibjective of TotalSTJD. In thicase the additional
objective is helpindo distinguish betweesolutions which ge ron-dominated solutions

with respect to thether 20 objectives. The TotalSTJD objective helps to prevent the
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population from quickly becoming full of nesominated indiilduals Essentially the
additionalobjective acts as modification of the P@&to dominance relation so is akin to
approaches to tackling many objective problems thanareredundancyapproaches

[135]. Further investigations could analyse the potential of such an approach.

8.2.3.2 DM group redundancy averages and formula

From the experimentation in Chapter 6 measuring redundancy within groups of DMs over
a range of k values, we were alia¢veal for an N and value D pair the average level of
redundancy over the range of k values 1 to D. From this experimentation we were able to
identify that redundancy was present within DM groups and that the clustering approach
Is an appropriate technig to identify such redundancy. Further investigations could seek
to define more generally the levels of redundancy over ranges of N and D values. From
this a formula of redundancy could be extracted, such that given N, D and K values the
average amountf@edundancy could be predicted. This could also facilitate comparison

of a group of DMs to these average levels to aid in the selection of an appropahie .k

8.2.3.3 Percentage of true fronts found for 2 DMs

During experimentation to identify scaling issue€hapter 6 it was observed that, as the
number of DMs increase the size of solution sets found via MOGAs as a percentage of
the size of the true Pareto front tails off, as showFigare6.3. It was also observed that

for 2 DMs the performance was noticeably low compared to 3 and 4 DMs before the
performance then began to tail off for D values greater than 4. Further work could look

to investigate this.

8.2.4 MOODS tool extensions and enhancements
The MOODS software tootan be furher developed and enhancedn Area of
enhancement is taniplement a database to store problems and their data, this way
providing a more persistent storage solution. Such a database could also be utilised to
facilitate the storage of user profiles and ¢woup decisions DMs could be assigned
through their usernames. Additionally to increase accessibility a mobile interface could
be developed utilizing the functionally of the business logic layer within a mobile friendly
interface.

Other enhancements couldinvestigate facilitating increased interactivity.
Investigating plotting &liminensional plots within JavaScript code could be investigated.
This would allow the objective space to be viewed from the perspective of 3 objectives

at once. Increased traceltlyifunctionality could also be implemented by, for example,
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implementing a tab view within the objective space to record its state each time it is
dynamically updated, thus during say the iterative adding of constraints the objective
space after eachagge would be reviewable through a series of tabs.

8.3  Conclusion

For many decisions validation of their outcomes regarding correctness and acceptance is
invariably problematic to objectively assess. Therefore to aid validation of decision
outcomes, approachesith improved traceability and more semantically meaningful
measurementsffer an advantage to DMs by providing more evidence of the process.
During scenarios such as inconsistency reduction or group aggregationD Mo s
judgments undergo alteration. Trabée approaches to such scenare&al knowledge

of the scenario helping to create a richer process, and aid validation of the scenario
outcomes.Measures of compromiseave been defined tmeasure the amount of
alteration a D MG@&emantallyemeaningiuhwhystg atraceability

and understanding of the alteratidnconsistencyadversely effects decision outcomes

and its reduction is importarAn approach has been proposedeuceinconsistency in

a traceable way that enables underding of the tradeffs involved between reduction

and alteration to a DMés vVvi ews. The prot
deci si on making from the set of DMs®6 vi ew
aggregation has been proposed. &pproach facilitates traceability and interactivity of

the aggregation process to aid a group of DMs to reach a consensus. Scaling issues when
the approach is utilised to aggregate the views of a large group of DMs have been
identified and an approach hbhsen proposed to overcome these limitations through
utilizing clustering. Finally, a webased software tool has been developed that
implements these approaches within a responsive brdvased interface. The research

has concluded with identification @dliscussions of severaleas of future investigations.
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